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INTRODUCTION
There are many results related to the algebraic and geometric classification of low-dimensional algebras
in the varieties of Jordan, Lie, Leibniz and Zinbiel algebras; for algebraic classifications see, for example,
[1, 6, 8–14, 14, 22, 25–27, 32, 35]; for geometric classifications and descriptions of degenerations see, for
example, [30]. In the present paper, we give algebraic classification of nilpotent CD-algebras. This is a
new class of non-associative algebras introduced in [1]. The idea of the definition of a CD-algebra comes
from the following property of Jordan and Lie algebras: the commutator of any pair of multiplication
operators is a derivation. This gives three identities of degree four, which reduce to only one identity of
degree four in the commutative or anticommutative case. Commutative and anticommutative CD-algebras
are related to many interesting varieties of algebras. Thus, anticommutativeCD-algebras is a generalization
of Lie algebras, containing the intersection of Malcev and Sagle algebras as a proper subvariety. Moreover,
the following intersections of varieties coincide: Malcev and Sagle algebras; Malcev and anticommutative
CD-algebras; Sagle and anticommutative CD-algebras. On the other hand, the variety of anticommutative
CD-algebras is a proper subvariety of the varieties of binary Lie algebras and almost Lie algebras [36].
The variety of anticommutative CD-algebras coincides with the intersection of the varieties of binary Lie
algebras and almost Lie algebras. Commutative CD-algebras is a generalization of Jordan algebras, which
is a generalization of associative commutative algebras. On the other hand, the variety of commutative
CD-algebras also known as the variety of almost-Jordan algebras (sometimes, called Lie triple algebras)
[24, 37, 38] and the bigger variety of generalized almost-Jordan algebras [3, 4, 23]. The n-ary version of
commutative CD-algebras was introduced in a recent paper by Kaygorodov, Pozhidaev and Saraiva [33].
Commutative CD-algebras are also related to assosymmetric algebras [15].
1The work was partially supported by FAPESP 18/00726-5, 18/15712-0; CNPq 404649/2018-1, 302980/2019-9; RFBR 20-
01-00030. The authors thank Prof. Dr. Pasha Zusmanovich for discussions about CD-algebras.
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2The algebraic classification of nilpotent algebras will be achieved by the calculation of central exten-
sions of algebras from the same variety which have a smaller dimension. Central extensions of algebras
from various varieties were studied, for example, in [2, 28, 39, 40]. Skjelbred and Sund [39] used cen-
tral extensions of Lie algebras to classify nilpotent Lie algebras. Using the same method, all non-Lie
central extensions of all 4-dimensional Malcev algebras [21], all non-associative central extensions of all 3-
dimensional Jordan algebras [20], all anticommutative central extensions of 3-dimensional anticommutative
algebras [5], all central extensions of 2-dimensional algebras [7] and some others were described. One can
also look at the classification of 3-dimensional nilpotent algebras [16], 4-dimensional nilpotent associative
algebras [13], 4-dimensional nilpotent Novikov algebras [27], 4-dimensional nilpotent bicommutative al-
gebras [32], 4-dimensional nilpotent commutative algebras in [16], 4-dimensional nilpotent assosymmetric
algebras in [25], 4-dimensional nilpotent noncommutative Jordan algebras in [26], 4-dimensional nilpo-
tent terminal algebras [31], 5-dimensional nilpotent restricted Lie algebras [11], 5-dimensional nilpotent
associative commutative algebras [34], 5-dimensional nilpotent Jordan algebras [19], 6-dimensional nilpo-
tent Lie algebras [10, 12], 6-dimensional nilpotent Malcev algebras [22], 6-dimensional nilpotent Tortkara
algebras [17, 18], 6-dimensional nilpotent binary Lie algebras [1], 6-dimensional nilpotent anticommuta-
tive CD-algebras [1], 6-dimensional nilpotent anticommutative algebras [29], 8-dimensional dual mock-Lie
algebras [8].
Motivation and contextualization. Given algebrasA andB in the same variety, we writeA→ B and say
that A degenerates to B, or that A is a deformation of B, if B is in the Zariski closure of the orbit of A
(under the base-change action of the general linear group). The study of degenerations of algebras is very
rich and closely related to deformation theory, in the sense of Gerstenhaber. It offers an insightful geometric
perspective on the subject and has been the object of a lot of research. In particular, there are many results
concerning degenerations of algebras of small dimensions in a variety defined by a set of identities. One of
the main problems of the geometric classification of a variety of algebras is a description of its irreducible
components. In the case of finitely-many orbits (i.e., isomorphism classes), the irreducible components are
determined by the rigid algebras — algebras whose orbit closure is an irreducible component of the variety
under consideration. The algebraic classification of complex 4-dimensional nilpotent CD-algebras gives a
way to obtain a geometric classification of all complex 4-dimensional nilpotent CD-algebras, as well as an
algebraic classification of all complex 4-dimensional nilpotent algebras.
Main result. The main result of the paper is the complete classification of complex 4-dimensional nilpotent
CD-algebras. The full list of non-isomorphic algebras consists of three parts:
(1) Trivial CD-algebras were classified in [14, Theorem 2.1, Theorem 2.3 and Theorem 2.5] and the
only anticommutative trivial CD-algebra CD4∗03;
(2) Terminal (non-Leibniz) non-trivial extensions of the algebra CD3∗04(λ) were classified in [31, 1.4.5.
1-dimensional central extensions of T3∗04];
(3) The rest of algebras were found in the present paper.
31. THE ALGEBRAIC CLASSIFICATION OF NILPOTENT CD-ALGEBRAS
The class of CD-algebras is defined by the property that the commutator of any pair of multiplication
operators is a derivation; namely, an algebra A is a CD-algebra if and only if
[Tx, Ty] ∈ Der(A),
for all x, y ∈ A, where Tz ∈ {Rz, Lz}. Here we use the notation Rz (resp. Lz) for the operator of right
(resp. left) multiplication in A. We will denote the variety of CD-algebras by CD. In terms of identities,
the class of CD-algebras is defined by the following three:
((xy)a)b− ((xy)b)a = ((xa)b− (xb)a)y + x((ya)b− (yb)a),
(a(xy))b− a((xy)b) = ((ax)b− a(xb))y + x((ay)b− a(yb)),
a(b(xy))− b(a(xy)) = (a(bx)− b(ax))y + x(a(by)− b(ay)).
1.1. Method of classification of nilpotent algebras. Throughout this paper, we use the notations and
methods described in [7, 20, 21] and adapted for the CD-algebra case with some modifications. From now
on, we will give only some important definitions.
Let (A, ·) be a CD-algebra overC andV a vector space over the same base field. Then the C-linear space
Z2
CD
(A,V) is defined as the set of all bilinear maps θ : A×A −→ V, such that
θ((xy)a, b)− θ((xy)b, a) = θ((xa)b− (xb)a, y) + θ(x, (ya)b− (yb)a),
θ(a(xy), b)− θ(a, (xy)b) = θ((ax)b− a(xb), y) + θ(x, (ay)b− a(yb)),
θ(a, b(xy))− θ(b, a(xy)) = θ(a(bx)− b(ax), y) + θ(x, a(by)− b(ay)).
Its elements will be called cocycles. For a linear map f from A to V, if we define δf : A×A −→ V by
δf (x, y) = f(xy), then δf ∈ Z2
CD
(A,V). Let B2 (A,V) = {θ = δf : f ∈ Hom (A,V)}. One can easily
check that B2(A,V) is a linear subspace of Z2
CD
(A,V) whose elements are called coboundaries. We define
the second cohomology space H2
CD
(A,V) as the quotient space Z2
CD
(A,V)
/
B2 (A,V).
Let Aut (A) be the automorphism group of the CD-algebraA and let φ ∈ Aut (A). For θ ∈ Z2
CD
(A,V)
define φθ (x, y) = θ (φ (x) , φ (y)). Then φθ ∈ Z2
CD
(A,V). So, Aut (A) acts on Z2
CD
(A,V). It is easy to
verify that B2 (A,V) is invariant under the action of Aut (A), and thus Aut (A) acts on H2
CD
(A,V).
Let A be a CD-algebra of dimension m < n over C, and V be a C-vector space of dimension n − m.
For any θ ∈ Z2
CD
(A,V) define on the linear space Aθ := A ⊕ V the bilinear product “[−,−]Aθ” by
[x+ x′, y + y′]
Aθ
= xy+ θ (x, y) for all x, y ∈ A, x′, y′ ∈ V. ThenAθ is a CD-algebra called an (n−m)-
dimensional central extension ofA by V. In fact,Aθ is a CD-algebra if and only if θ ∈ Z2CD(A,V).
We also call the set Ann(θ) = {x ∈ A : θ (x,A) + θ(A, x) = 0} the annihilator of θ. We recall that the
annihilator of an algebra A is defined as the ideal Ann (A) = {x ∈ A : xA+Ax = 0} and observe that
Ann (Aθ) = Ann(θ) ∩ Ann (A)⊕ V.
We have the next key result:
Lemma 1. Let A be an n-dimensional CD-algebra such that dim(Ann(A)) = m 6= 0. Then there exists,
up to isomorphism, a unique (n−m)-dimensional CD-algebraA′ and a bilinear map θ ∈ Z2
CD
(A,V) with
Ann(A) ∩ Ann(θ) = 0, where V is a vector space of dimension m, such that A ∼= A′θ and A/Ann(A) ∼=
A
′.
4Proof. LetA′ be a linear complement ofAnn(A) inA. Define a linear map P : A −→ A′ by P (x+v) = x
for x ∈ A′ and v ∈ Ann(A) and define a multiplication on A′ by [x, y]A′ = P (xy) for x, y ∈ A′. For
x, y ∈ A we have
P (xy) = P ((x− P (x) + P (x))(y − P (y) + P (y))) = P (P (x)P (y)) = [P (x), P (y)]A′.
Since P is a homomorphism, then P (A) = A′ is a CD-algebra and A/Ann(A) ∼= A′, which gives us
the uniqueness ofA′. Now, define the map θ : A′ ×A′ −→ Ann(A) by θ(x, y) = xy − [x, y]A′ . ThenA′θ
isA and therefore θ ∈ Z2
CD
(A,V) and Ann(A) ∩Ann(θ) = 0.

However, in order to solve the isomorphism problem, we need to study the action of Aut (A) on
H2
CD
(A,V). To this end, let us fix e1, . . . , es a basis of V, and θ ∈ Z2CD (A,V). Then θ can be uniquely
written as θ (x, y) =
s∑
i=1
θi (x, y) ei, where θi ∈ Z2CD (A,C). Moreover, Ann(θ) = Ann(θ1) ∩ Ann(θ2) ∩
. . . ∩Ann(θs). Further, θ ∈ B2 (A,V) if and only if all θi ∈ B2 (A,C).
Definition 2. LetA be an algebra and I be a subspace of Ann(A). IfA = A0⊕I for some subalgebraA0
of A then I is called an annihilator component of A. We say that an algebra is split if it has a nontrivial
annihilator component.
It is not difficult to prove (see [21, Lemma 13]) that, given a CD-algebra Aθ, if we write as above
θ (x, y) =
s∑
i=1
θi (x, y) ei ∈ Z2CD (A,V) and we have Ann(θ) ∩ Ann (A) = 0, then Aθ has an annihilator
component if and only if [θ1] , [θ2] , . . . , [θs] are linearly dependent in H
2
CD
(A,C).
Let V be a finite-dimensional vector space over C. The Grassmannian Gk (V) is the set of all k-
dimensional linear subspaces of V. Let Gs (H
2
CD
(A,C)) be the Grassmannian of subspaces of dimen-
sion s in H2
CD
(A,C). There is a natural action of Aut (A) on Gs (H
2
CD
(A,C)). Let φ ∈ Aut (A).
For W = 〈[θ1] , [θ2] , . . . , [θs]〉 ∈ Gs (H2CD (A,C)) define φW = 〈[φθ1] , [φθ2] , . . . , [φθs]〉. Then φW ∈
Gs (H
2
CD
(A,C)). We denote the orbit ofW ∈ Gs (H2CD (A,C)) under the action of Aut (A) by Orb (W ).
Since, given
W1 = 〈[θ1] , [θ2] , . . . , [θs]〉 ,W2 = 〈[ϑ1] , [ϑ2] , . . . , [ϑs]〉 ∈ Gs
(
H2
CD
(A,C)
)
,
we easily have that ifW1 = W2, then
s∩
i=1
Ann(θi) ∩Ann (A) =
s∩
i=1
Ann(ϑi) ∩ Ann (A), we can introduce
the set
Ts (A) =
{
W = 〈[θ1] , [θ2] , . . . , [θs]〉 ∈ Gs
(
H2
CD
(A,C)
)
:
s∩
i=1
Ann(θi) ∩ Ann (A) = 0
}
,
which is stable under the action of Aut (A).
Now, let V be an s-dimensional linear space and let us denote by E (A,V) the set of all non-split s-
dimensional central extensions ofA by V.We can write
E (A,V) =
{
Aθ : θ (x, y) =
s∑
i=1
θi (x, y) ei and 〈[θ1] , [θ2] , . . . , [θs]〉 ∈ Ts (A)
}
.
Also, we have the next result, which can be proved the same way as [21, Lemma 17].
5Lemma 3. Let Aθ,Aϑ ∈ E (A,V) . Suppose that θ (x, y) =
s∑
i=1
θi (x, y) ei and ϑ (x, y) =
s∑
i=1
ϑi (x, y) ei.
Then the CD-algebrasAθ and Aϑ are isomorphic if and only if
Orb 〈[θ1] , [θ2] , . . . , [θs]〉 = Orb 〈[ϑ1] , [ϑ2] , . . . , [ϑs]〉 .
Thus, there exists a one-to-one correspondence between the set of Aut (A)-orbits on Ts (A) and the set
of isomorphism classes of E (A,V). Consequently, we have a procedure that allows us, given a CD-algebra
A
′ of dimension n, to construct all non-split central extensions ofA′. This procedure is as follows:
Procedure
(1) For a given [nilpotent] CD-algebraA′ of dimension n− s, determine Ts(A′) and Aut(A′).
(2) Determine the set of Aut(A′)-orbits on Ts(A′).
(3) For each orbit, construct the CD-algebra corresponding to one of its representatives.
Let us introduce the following notations. LetA be a CD-algebra with a basis e1, e2, . . . , en. Then by∆ij
we will denote the bilinear form∆ij : A×A −→ Cwith∆ij (el, em) = δilδjm. The set {∆ij : 1 ≤ i, j ≤ n}
is a basis of the linear space of bilinear forms on A, so every θ ∈ Z2
CD
(A,V) can be uniquely written as
θ =
∑
1≤i,j≤n
cij∆ij , where cij ∈ C. We also denote by
CD
i∗
j the jth i-dimensional nilpotent trivial CD-algebra,
CD
i
j the jth i-dimensional nilpotent non-trivial CD-algebra.
1.2. TrivialCD-algebras. Recall that the class of n-dimensional algebras defined by the identities (xy)z =
0 and x(yz) = 0 lies in the intersection of all well-known varieties of algebras defined by some family of
polynomial identities of degree 3, such as Leibniz algebras, Zinbiel algebras, associative, Novikov and
many other algebras. On the other hand, all algebras defined by the identities (xy)z = 0 and x(yz) = 0
are central extensions of some suitable algebra with zero product. The list of all non-anticommutative 4-
dimensional algebras defined by the identities (xy)z = 0 and x(yz) = 0 can be found in [14]. Note that
there is only one 4-dimensional nilpotent anticommutative algebra with identity (xy)z = 0. Obviously all
algebras from this list are 4-dimensional nilpotent CD-algebras.
1.3. 2-dimensional nilpotent CD-algebras. There is only one non-zero 2-dimensional nilpotent CD-
algebra:
CD
2∗
01 : e1e1 = e2.
1.4. 3-dimensional nilpotent CD-algebras. Thanks to [7], we have the classification of all 3-dimensional
nilpotent algebras. It is easy to see, that each 3-dimensional nilpotent algebra is a CD-algebra.
CD
3
01 : e1e1 = e2 e2e2 = e3
CD
3
02 : e1e1 = e2 e2e1 = e3 e2e2 = e3
CD
3
03 : e1e1 = e2 e2e1 = e3
CD
3
04(λ) : e1e1 = e2 e1e2 = e3 e2e1 = λe3
CD
3∗
01 : e1e1 = e2
CD
3∗
02 : e1e1 = e3 e2e2 = e3
CD
3∗
03 : e1e2 = e3 e2e1 = −e3
CD
3∗
04(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3
61.5. 4-dimensional nilpotent non-trivial CD-algebras with 2-dimensional annihilator. Thanks to [7],
we have the classification of all 4-dimensional non-split nilpotent non-trivial algebras with 2-dimensional
annihilator:
CD
4
05 : e1e1 = e2 e2e1 = e4 e2e2 = e3
CD
4
06 : e1e1 = e2 e1e2 = e4 e2e1 = e3
CD
4
07(λ) : e1e1 = e2 e1e2 = e4 e2e1 = λe4 e2e2 = e3
2. THE ALGEBRAIC CLASSIFICATION OF 4-DIMENSIONAL NILPOTENT CD-ALGEBRAS
2.1. Automorphism and cohomology groups of 3-dimensional nilpotent CD-algebras.
A AutA Z2
CD
(A) H2
CD
(A)
CD
3
01


x 0 0
0 x2 0
y 0 x4

 〈∆11,∆12,∆21,∆22〉 〈[∆12], [∆21]〉
CD
3
02


1 0 0
0 1 0
x 0 1

 〈∆11,∆12,∆21,∆22〉 〈[∆12], [∆21]〉
CD
3
03


x 0 0
y x2 0
z xy x3

 〈 ∆11,∆12,∆13 − 2∆31,
∆21,∆22
〉
〈[∆12], [∆22], [∆13]− 2[∆31]〉
CD
3
04


x 0 0
y x2 0
z (λ + 1)xy x3

 〈 ∆11,∆12,∆21,∆22,
(λ− 2)∆13 − (2λ− 1)∆31
〉 〈 (λ− 2)[∆13]− (2λ− 1)[∆31],
[∆21], [∆22]
〉
CD
3∗
01


x 0 0
y x2 u
z 0 v

 〈 ∆11,∆12,∆13,∆21,∆22
∆23,∆31,∆32,∆33
〉 〈 [∆12], [∆13], [∆21], [∆22]
[∆23], [∆31], [∆32], [∆33]
〉
CD
3∗
02


x y 0
(−1)n+1y (−1)nx 0
z u x2 + y2

 〈 ∆11,∆12,∆13,∆21,∆22
∆23,∆31,∆32,∆33
〉 〈 [∆11], [∆12], [∆13], [∆21],
[∆23], [∆31], [∆32], [∆33]
〉
CD
3∗
03


x y 0
z u 0
v w xu− yz

 〈 ∆11,∆12,∆13,∆21,∆22
∆23,∆31,∆32,∆33
〉 〈 [∆11], [∆12], [∆13], [∆22],
[∆23], [∆31], [∆32], [∆33]
〉
CD
3∗
04


x y 0
−λy x− y 0
z u x2 − xy + λy2

 〈 ∆11,∆12,∆13,∆21,∆22
∆23,∆31,∆32,∆33
〉 〈 [∆11], [∆12], [∆13], [∆21],
[∆23], [∆31], [∆32], [∆33]
〉
Let us denote second cohomology of Jordan-CD-algebras, Lie-CD-algebras and terminal-CD-algebras
as H2JCD, H
2
LCD and H
2
TCD. Now we have the following table of cohomology spaces:
A H2JCD(A) H
2
CD
(A)
CD
3∗
01
〈
[∆12] + [∆21], [∆13] + [∆31],
[∆23] + [∆32], [∆33]
〉
H2JCD(A)⊕ 〈[∆21], [∆22], [∆31], [∆32]〉
CD
3∗
02
〈
[∆11], [∆12] + [∆21],
[∆13] + [∆31], [∆23] + [∆32]
〉
H2JCD(A)⊕ 〈[∆21], [∆31], [∆32], [∆33]〉
A H2LCD(A) H
2
CD
(A)
CD
3∗
03
〈
[∆13]− [∆31], [∆23]− [∆32]
〉
H2LCD(A)⊕ 〈[∆11], [∆12], [∆13], [∆22], [∆23], [∆33]〉
A H2TCD(A) H
2
CD
(A)
7CD
3∗
04
〈
[∆11], [∆12], [∆13], [∆21],
[∆23], [∆31], [∆32]
〉
H2TCD(A)⊕ 〈[∆33]〉
Remark 4. It is easy to see that each 4-dimensional central extension of CD301 or CD
3
02 is an algebra with
2-dimensional annihilator and hence it was found before.
2.2. 1-dimensional central extensions of CD303. Let us use the following notations
∇1 = [∆12],∇2 = [∆22],∇3 = [∆13]− 2[∆31].
Take θ =
∑3
i=1 αi∇i ∈ H2CD(CD303). If
φ =

x 0 0y x2 0
z xy x3

 ∈ AutCD303,
then
φT

 0 α1 α30 α2 0
−2α3 0 0

φ =

 α∗ α∗1 α∗3α∗∗ α∗2 0
−2α∗3 0 0

 ,
where
α∗1 = x
2(α1x+ (α2 + α3)y), α
∗
2 = α2x
4, α∗3 = α3x
4.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
3∑
i=1
α∗i∇i.We are only interested in elements with α3 6= 0.
(1) α2 + α3 6= 0. Choosing y = − α1xα2+α3 and x = 1, we have the family of representatives of distinct
orbits 〈α∇2 +∇3〉α6=−1.
(2) α2 = −α3 and α1 6= 0. Choosing x = α1α3 , we have the representative 〈∇1 −∇2 +∇3〉.
(3) α2 = −α3 and α1 = 0. Then we have the representative 〈−∇2 +∇3〉.
Thus, we have the following distinct orbits 〈α∇2+∇3〉 and 〈∇1 −∇2 +∇3〉. The corresponding algebras
are
CD
4
08(α) : e1e1 = e2 e1e3 = e4 e2e1 = e3 e2e2 = αe4 e3e1 = −2e4
CD
4
09 : e1e1 = e2 e1e2 = e4 e1e3 = e4 e2e1 = e3 e2e2 = −e4 e3e1 = −2e4.
2.3. 1-dimensional central extensions of CD304. Let us use the following notations
∇1 = (λ− 2)[∆13]− (2λ− 1)[∆31],∇2 = [∆21],∇3 = [∆22].
Take θ =
∑3
i=1 αi∇i ∈ H2CD(CD304). If
φ =

x 0 0y x2 0
z (λ+ 1)xy x3

 ∈ AutCD304,
then
φT

 0 0 (λ− 2)α1α2 α3 0
−(2λ− 1)α1 0 0

φ =

 α∗ α∗∗ (λ− 2)α∗1α∗2 + λα∗∗ α∗3 0
−(2λ− 1)α∗1 0 0

 ,
8where
α∗1 = α1x
4, α∗2 = x
2((1− λ)(α1(λ+ 1)2 + α3)y + α2x), α∗3 = α3x4.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
3∑
i=1
α∗i∇i.We are only interested in elements with α1 6= 0.
(1) λ = 1.
(a) α2 6= 0. Then choosing x = α2α1 we have the family of representatives 〈∇1 + ∇2 + α∇3〉 of
distinct orbits.
(b) α2 = 0. Then we have the family of representatives 〈∇1 + α∇3〉 of distinct orbits.
(2) λ = −1.
(a) α3 = 0 and α2 6= 0. Then choosing x = α2α1 we have the representative 〈∇1 +∇2〉.
(b) α3 = 0 and α2 = 0. Then we have the representative 〈∇1〉.
(c) α3 6= 0. Then choosing y = − α22α3 and x = 1 we have the family of representatives 〈∇1 +
α∇3〉α6=0 of distinct orbits.
(3) λ 6= ±1.
(a) (λ + 1)2 6= −α3
α1
. Then we can suppose that α2 6= 0 and choosing x = − (1−λ)(α1(λ+1)2+α3)α2 and
y = 1 we have the family of representatives 〈∇1 + α∇3〉α6=−(λ+1)2 of distinct orbits.
(b) (λ+ 1)2 = −α3
α1
and α2 = 0. Then we have the representative 〈∇1 − (λ+ 1)2∇3〉.
(c) (λ + 1)2 = −α3
α1
and α2 6= 0. Then choosing x = α2α1 we have the representative 〈∇1 +∇2 −
(λ+ 1)2∇3〉.
Summarizing, we have the following representatives of distinct orbits:
〈∇1 +∇2 + α∇3〉λ=1, 〈∇1 +∇2 − (λ+ 1)2∇3〉λ6=1, 〈∇1 + α∇3〉.
The corresponding algebras are:
CD
4
10(α) : e1e1 = e2 e1e2 = e3 e1e3 = −e4
e2e1 = e3 + e4 e2e2 = αe4 e3e1 = −e4
CD
4
11(λ 6= 1) : e1e1 = e2 e1e2 = e3 e1e3 = (λ− 2)e4
e2e1 = λe3 + e4 e2e2 = −(λ+ 1)2e4 e3e1 = (1− 2λ)e4
CD
4
12(α, λ) : e1e1 = e2 e1e2 = e3 e1e3 = (λ− 2)e4
e2e1 = λe3 e2e2 = αe4 e3e1 = (1− 2λ)e4.
2.4. 1-dimensional central extensions of CD3∗01. Let us use the following notations
∇1 = [∆12] + [∆21], ∇2 = [∆13] + [∆31], ∇3 = [∆23] + [∆32], ∇4 = [∆33],
∇5 = [∆21], ∇6 = [∆22], ∇7 = [∆31], ∇8 = [∆32].
Take θ =
∑8
i=1 αi∇i ∈ H2CD(CD3∗01). If
φ =

x 0 0y x2 u
z 0 v

 ∈ AutCD3∗01,
then
φT

 0 α1 α2α1 + α5 α6 α3
α2 + α7 α3 + α8 α4

φ =

 α∗ α∗1 α∗2α∗1 + α∗5 α∗6 α∗3
α∗2 + α
∗
7 α
∗
3 + α
∗
8 α
∗
4

 ,
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α∗1 = x
2(α1x+ (α3 + α8)z + α6y) α
∗
2 = α1ux+ α2vx+ α3vy + α4vz + α6uy + (α3 + α8)uz
α∗3 = x
2(α3v + α6u) α
∗
4 = α4v
2 + α6u
2 + (2α3 + α8)uv
α∗5 = x
2(α5x− α8z) α∗6 = α6x4
α∗7 = u(α5x− α8z) + v(α7x+ α8y) α∗8 = α8vx2.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
8∑
i=1
α∗i∇i. We are interested in θ such that (α2, α3, α4, α7, α8) 6=
(0, 0, 0, 0, 0) and (α1, α3, α5, α6, α8) 6= (0, 0, 0, 0, 0). If (α5, α6, α7, α8) = (0, 0, 0, 0) we have a Jordan
algebra, on the other case it is a non-Jordan CD-algebra.
(1) α8 6= 0 and α6 6= 0. Then choosing v = α6x2α8 , y = −α7xα8 , z = α5xα8 , u = −α3x
2
α8
, we have
α∗3 = α
5
5 = α
∗
7 = 0, α
∗
6 = α
∗
8 and
α∗1 =
(α1α8+(α3+α8)α5−α6α7)x3
α8
α∗2 = − (α
2
3α5+α3(α1+α5)α8−α6(α4α5+α2α8))x3
α28
α∗3 = 0 α
∗
4 =
α6(−α23+α4α6−α3α8)x4
α28
α∗5 = 0 α
∗
6 = α6x
4,
α∗7 = 0 α
∗
8 = α6x
4.
(a) α1α8 + (α3 + α8)α5 − α6α7 6= 0. Then choosing x = α1α8+(α3+α8)α5−α6α7α6α8 6= 0, we get the
family of representatives of distinct orbits 〈∇1 + α∇2 + β∇4 +∇6 +∇8〉.
(b) α1α8 + (α3 + α8)α5 − α6α7 = 0. Then α∗1 = 0 and α∗2 = α6(α4α5−α3α7+α2α8)x
3
α28
.
(i) α4α5 − α3α7 + α2α8 6= 0. Then choosing x = α4α5−α3α7+α2α8α28 , we get the family of
representatives of distinct orbits 〈∇2 + α∇4 +∇6 +∇8〉.
(ii) α4α5 − α3α7 + α2α8 = 0. Then α∗2 = 0 and we get the family of representatives of
distinct orbits 〈α∇4 +∇6 +∇8〉.
(2) α8 6= 0 and α6 = 0. Then choosing y = −α7xα8 and z = α5xα8 , we have
α∗1 =
(α1α8+(α3+α8)α5)x3
α8
α∗2 =
(uα3α5+u(α1+α5)α8+v(α4α5−α3α7+α2α8))x
α8
α∗3 = α3vx
2 α∗4 = v(vα4 + u(2α3 + α8))
α∗5 = 0 α
∗
6 = 0
α∗7 = 0 α
∗
8 = α8vx
2.
(a) 2α3 + α8 6= 0. Then choosing u = − α4v2α3+α8 we have α∗4 = 0.
(i) α1α8 + (α3 + α8)α5 6= 0, 2α23α7 6= α8(α2α8 − α1α4) + α3(α4α5 + 2α2α8 − α7α8).
Then choosing x =
α3α4α5−2α23α7+2α2α3α8−α1α4α8−α3α7α8+α2α28
α28(2α3+α8)
and v =
(α3α5+(α1+α5)α8)(−2α23α7+α8(−α1α4+α2α8)+α3(α4α5+2α2α8−α7α8))
α48(2α3+α8)
we get the family of
representatives of distinct orbits 〈∇1 +∇2 + α∇3 +∇8〉α6=− 1
2
.
(ii) α1α8+(α3+α8)α5 6= 0, 2α23α7 = α8(α2α8−α1α4)+α3(α4α5+2α2α8−α7α8). Then
choosing x = 1 and v = α3α5+(α1+α5)α8
α28
we get the family of representatives of distinct
orbits 〈∇1 + α∇3 +∇8〉α6=− 1
2
.
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(iii) α1α8+(α3+α8)α5 = 0 and α4α5−α3α7+α2α8 6= 0. Then choosing x = α4α5−α3α7+α2α8α28
and v = 1 we get the family of representatives of distinct orbits 〈∇2 + α∇3 +∇8〉α6=− 1
2
.
(iv) α1α8 + (α3 + α8)α5 = 0 and α4α5 − α3α7 + α2α8 = 0. Then we get the family of
representatives of distinct orbits 〈α∇3 +∇8〉α6=− 1
2
.
(b) 2α3 + α8 = 0. Then
α∗1 =
(2α1+α5)x3
2
α∗2 =
(2vα4α5+u(2α1+α5)α8+v(2α2+α7)α8)x
2α8
α∗3 = −12vx2α8 α∗4 = α4v2 α∗8 = α8vx2
(i) 2α1 + α5 6= 0 and α4 6= 0. Choosing x = α4(2α1+α5)2α28 , u = −
α4(2α1+α5)(2α4α5+(2α2+α7)α8)
4α48
and v = α4(2α1+α5)
2
4α38
we get the representative 〈∇1 − 12∇3 +∇4 +∇8〉.
(ii) 2α1 + α5 6= 0 and α4 = 0. Choosing x = 1 u = −2α2+α72α8 and v = 2α1+α52α8 we get the
representative 〈∇1 − 12∇3 +∇8〉.
(iii) 2α1 + α5 = 0, α4 6= 0 and 4α1α4 6= (2α2 + α7)α8. Then choosing x = (2α2+α7)α8−4α1α42α28
and v = ((2α2+α7)α8−4α1α4)
2
4α4α38
we get the representative 〈∇2 − 12∇3 +∇4 +∇8〉.
(iv) 2α1 + α5 = 0, α4 6= 0 and 4α1α4 = (2α2 + α7)α8. Then choosing x = 1 and v = α8α4 we
get the representative 〈−1
2
∇3 +∇4 +∇8〉.
(v) 2α1 + α5 = 0, α4 = 0 and 2α2 6= −α7. Then choosing x = 2α2+α72α8 and v = 1 we get the
representative 〈∇2 − 12∇3 +∇8〉.
(vi) 2α1 + α5 = 0, α4 = 0 and 2α2 = −α7. Then we get the representative 〈−12∇3 +∇8〉.
(3) α8 = 0. Then α
∗
8 = 0 and
α∗1 = x
2(α1x+ α3z + α6y) α
∗
2 = u(α1x+ α3z + α6y) + v(α2x+ α3y + α4z)
α∗3 = x
2(α3v + α6u) α
∗
4 = α4v
2 + α6u
2 + 2α3uv
α∗5 = α5x
3 α∗6 = α6x
4 α∗7 = x(α5u+ α7v).
(a) α5 6= 0 and α6 6= 0. Then choosing u = −α7vα5 and x = α5α6 , y = −α1α5+zα3α6α26 , we have α
∗
1 = 0,
α∗5 = α
∗
6 =
α45
α36
6= 0, α∗7 = 0 and
α∗2 =
(α6(−zα23+α2α5+zα4α6)−α1α3α5)v
α26
α∗3 =
α5(α3α5−α6α7)v
α26
α∗4 =
(
α4 +
α7(α6α7−2α3α5)
α25
)
v2.
(i) α23 6= α4α6. Then choosing z = α5(α2α6−α1α3)α6(α23−α4α6) , we have α
∗
2 = 0.
(A) α3α5 6= α6α7. Then choosing v = α
3
5
α6(α3α5−α6α7) we have the family of representa-
tives of distinct orbits 〈∇3 + α∇4 +∇5 +∇6〉α6=1.
(B) α3α5 = α6α7. Then choosing v =
α25
α6
√
(α4α6−α23)
we have the representative 〈∇4 +
∇5 +∇6〉.
(ii) α23 = α4α6 Then α4 =
α23
α6
, so
α∗2 =
α5
α26
(α2α6 − α1α3)v α∗3 = α5α26 (α3α5 − α6α7)v α
∗
4 =
v2
α25α6
(α3α5 − α6α7)2.
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(A) α3α5 6= α6α7. Then by choosing v = α
3
5
α6(α3α5−α6α7) we get the family of representa-
tives of distinct orbits 〈α∇2 +∇3 +∇4 +∇5 +∇6〉.
(B) α3α5 = α6α7 and α2α6 6= α1α3. Then by choosing v = α
3
5
α6(α2α6−α1α3) we get the
representative 〈∇2 +∇5 +∇6〉.
(C) α3α5 = α6α7 and α2α6 = α1α3. Then we have a split extension.
(b) α5 6= 0 and α6 = 0. Then choosing u = −α7vα5 , we have
α∗1 = (α1x+ α3z)x
2 α∗2 =
(xα2α5+yα3α5+zα4α5−xα1α7−zα3α7)v
α5
α∗3 = α3vx
2
α∗4 =
(α4α5−2α3α7)v2
α5
α∗5 = α5x
3 α∗7 = 0.
(i) α3 6= 0. Then choosing z = −α1xα3 , y =
(α1α4−α2α3)x
α23
and v = α5x
α3
, we get α∗1 = α
∗
2 =
α∗7 = 0, α
∗
3 = α
∗
5 = α5x
3 and α∗4 =
α5(α4α5−2α3α7)x2
α23
.
(A) α4α5 6= 2α3α7. Then by choosing x = α4α5−2α3α7α23 we get the representative 〈∇3 +∇4 +∇5〉.
(B) α4α5 = 2α3α7. Then we get the representative 〈∇3 +∇5〉.
(ii) α3 = 0. Then α
∗
3 = 0 and
α∗1 = α1x
3 α∗2 = v
(
zα4 +
(
α2 − α1α7α5
)
x
)
α∗4 = α4v
2 α∗5 = α5x
3
(A) α4 6= 0. Then choosing x = 1, y = 0, z = α1α7−α2α5α4α5 and v =
√
α5
α4
, we get the
family of representatives of distinct orbits 〈α∇1 +∇4 +∇5〉.
(B) α4 = 0 and α2α5 6= α1α7. Then we have the family of representatives of distinct
orbits 〈α∇1 +∇2 +∇5〉.
(C) α4 = 0 and α2α5 = α1α7. Then we have a split extension.
(c) α5 = 0 and α6 6= 0. Then choosing u = −α3vα6 and y = −xα1+zα3α6 , we have α∗1 = α∗3 = α∗5 =
α∗8 = 0 and
α∗2 =
(x(α2α6−α1α3)+z(α4α6−α23))x
α6
α∗4 =
(α4α6−α23)v2
α6
α∗6 = α6x
4 α∗7 = α7vx
(i) α4α6 − α23 6= 0. Then choosing z = (α1α3−α2α6)xα4α6−α23 we have α
∗
2 = 0.
(A) α7 6= 0. Then choosing x = α7√
α4α6−α23
and v =
α6α27√
(α4α6−α23)3
we get the representa-
tive 〈∇4 +∇6 +∇7〉.
(B) α7 = 0. Then we get the representative 〈∇4 +∇6〉.
(ii) α4α6 = α
2
3. Then α
∗
4 = 0 and
α∗2 =
vx
α6
(α2α6 − α1α3) α∗6 = α6x4 α∗7 = α7vx.
(A) α2α6− α1α3 6= 0. Then we get the family of representatives 〈α∇2+∇6+∇7〉α6=0.
(B) α2α6 − α1α3 = 0 and α7 6= 0. Then we get the representative 〈∇6 +∇7〉.
(C) α2α6 − α1α3 = α7 = 0. Then we get a split extension.
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(d) α5 = α6 = 0 and α7 6= 0. Then α∗5 = α∗6 = 0 and
α∗1 = x
2(α1x+ α3z) α
∗
2 = u(α1x+ α3z) + v(α2x+ α3y + α4z)
α∗3 = α3vx
2 α∗4 = v(α4v + 2α3u) α
∗
7 = α7vx.
(i) α3 6= 0. Then choosing x = α7α3 y = −α1α4−α2α3α33 , z = −
α1α7
α23
, u = − α4
2α3
and v = 1, we
get the representative 〈∇3 +∇7〉.
(ii) α3 = 0. Then α
∗
3 = 0 and
α∗1 = α1x
3 α∗2 = (α1u+ α2v)x+ α4vz
α∗4 = α4v
2 α∗7 = α7vx.
(A) α4 6= 0 and α1 6= 0. Then choosing x = α
2
7
α1α4
, u = 0, z = −α2α27
α1α24
, v =
α37
α1α24
and we
get the representative 〈∇1 +∇4 +∇7〉.
(B) α4 6= 0 and α1 = 0. Then choosing x = 1, y = 0, z = −α2α4 , u = 0 and v = α7α4 , we
get the representative 〈∇4 +∇7〉, which gives a split extension.
(C) α4 = 0 and α1 6= 0. Then choosing x = 1, y = 0, z = 0, u = −α2α7 and v = α1α7 , we
get the representative 〈∇1 +∇7〉.
(D) α4 = α1 = 0. Then we get the family of representatives of distinct orbits 〈α∇2 +
∇7〉, which gives split extensions.
(e) α5 = α6 = α7 = 0.
(i) α3 6= 0. Then choosing x = α23, y = α1α4 − α2α3, z = −α1α3, u = −α42 and v = α3,
we get the representative 〈∇3〉.
(ii) α3 = 0, α1 6= 0 and α4 6= 0. Then choosing x = α4, y = 0, z = −α2, u = 0 and
v =
√
α1α4, we get the representative 〈∇1 +∇4〉.
(iii) α3 = 0 and α1 = 0, then we have a split extension.
Summarizing, we have the following distinct orbits giving non-Jordan algebras:
〈∇1 +∇2 + α∇3 +∇8〉α6=− 1
2
〈∇1 + α∇2 + β∇4 +∇6 +∇8〉 〈α∇1 +∇2 +∇5〉
〈∇1 − 12∇3 +∇4 +∇8〉 〈∇1 + α∇3 +∇8〉 〈α∇1 +∇4 +∇5〉〈∇1 +∇4 +∇7〉 〈∇1 +∇7〉 〈α∇2 +∇3 +∇4 +∇5 +∇6〉
〈∇2 − 12∇3 +∇4 +∇8〉 〈∇2 + α∇3 +∇8〉 〈∇2 + α∇4 +∇6 +∇8〉〈∇2 +∇5 +∇6〉 〈α∇2 +∇6 +∇7〉 〈∇3 +∇4 +∇5〉
〈∇3 + α∇4 +∇5 +∇6〉α6=1 〈−12∇3 +∇4 +∇8〉 〈∇3 +∇5〉〈∇3 +∇7〉 〈α∇3 +∇8〉 〈∇4 +∇5 +∇6〉
〈∇4 +∇6〉 〈∇4 +∇6 +∇7〉 〈α∇4 +∇6 +∇8〉
and those giving Jordan algebras: 〈∇1 +∇4〉 and 〈∇3〉.
A routine verification shows that all these orbits are indeed different.
CD
4
13(α 6= 12) : e1e1 = e2 e1e2 = e4 e1e3 = e4 e2e1 = e4
e2e3 = αe4 e3e1 = e4 e3e2 = (α + 1)e4
CD
4
14(α, β) : e1e1 = e2 e1e2 = e4 e1e3 = αe4 e2e1 = e4
e2e2 = e4 e3e1 = αe4 e3e2 = e4 e3e3 = βe4
CD
4
15(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4 e2e1 = (α + 1)e4 e3e1 = e4
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CD
4
16 : e1e1 = e2 e1e2 = e4 e2e1 = e4
e2e3 = −12e4 e3e2 = 12e4 e3e3 = e4
CD
4
17(α) : e1e1 = e2 e1e2 = e4 e2e1 = e4 e2e3 = αe4 e3e2 = (α+ 1)e4
CD
4
18(α) : e1e1 = e2 e1e2 = αe4 e2e1 = (α + 1)e4 e3e3 = e4
CD
4
19 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4 e3e3 = e4
CD
4
20 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4
CD
4
21(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e4 e2e2 = e4
e2e3 = e4 e3e1 = αe4 e3e2 = e4 e3e3 = e4
CD
4
22 : e1e1 = e2 e1e3 = e4 e2e3 = −12e4
e3e1 = e4 e3e2 =
1
2
e4 e3e3 = e4
CD
4
23(α) : e1e1 = e2 e1e3 = e4 e2e3 = αe4 e3e1 = e4 e3e2 = (α+ 1)e4
CD
4
24(α) : e1e1 = e2 e1e3 = e4 e2e2 = e4
e3e1 = e4 e3e2 = e4 e3e3 = αe4
CD
4
25 : e1e1 = e2 e1e3 = e4 e2e1 = e4 e3e1 = e4 e2e2 = e4
CD
4
26(α) : e1e1 = e2 e1e3 = αe4 e2e2 = e4 e3e1 = (α + 1)e4
CD
4
27 : e1e1 = e2 e2e1 = e4 e2e3 = e4 e3e2 = e4 e3e3 = e4
CD
4
28(α 6= 1) : e1e1 = e2 e2e1 = e4 e2e2 = e4
e2e3 = e4 e3e2 = e4 e3e3 = αe4
CD
4
29 : e1e1 = e2 e2e3 = −12e4 e3e2 = 12e4 e3e3 = e4
CD
4
30 : e1e1 = e2 e2e1 = e4 e2e3 = e4 e3e2 = e4
CD
4
31 : e1e1 = e2 e2e3 = e4 e3e1 = e4 e3e2 = e4
CD
4
32(α) : e1e1 = e2 e2e3 = αe4 e3e2 = (α + 1)e4
CD
4
33 : e1e1 = e2 e2e1 = e4 e2e2 = e4 e3e3 = e4
CD
4
34 : e1e1 = e2 e2e2 = e4 e3e3 = e4
CD
4
35 : e1e1 = e2 e2e2 = e4 e3e1 = e4 e3e3 = e4
CD
4
36(α) : e1e1 = e2 e2e2 = e4 e3e2 = e4 e3e3 = αe4
CD
4
37 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e3 = e4
CD
4
38 : e1e1 = e2 e2e3 = e4 e3e2 = e4
2.5. 1-dimensional central extensions of CD3∗02. Let us use the following notations
∇1 = [∆11], ∇2 = [∆12] + [∆21], ∇3 = [∆13] + [∆31], ∇4 = [∆23] + [∆32],
∇5 = [∆21], ∇6 = [∆31], ∇7 = [∆32], ∇8 = [∆33].
Take θ =
∑8
i=1 αi∇i ∈ H2CD(CD3∗02). If
φ =

 x y 0(−1)n+1y (−1)nx 0
z u x2 + y2

 ∈ AutCD3∗02,
then
φT

 α1 α2 α3α2 + α5 0 α4
α3 + α6 α4 + α7 α8

φ =

α∗1 + α∗ α∗2 α∗3α∗2 + α∗5 α∗ α∗4
α∗3 + α
∗
6 α
∗
4 + α
∗
7 α
∗
8

 ,
where
14
α∗1 = α1(x
2 − y2)− 2(−1)n(2α2 + α5)xy − (−1)n(2α4 + α7)(ux+ yz)+
(2α3 + α6)(xz − uy) + α8(z2 − u2)
α∗2 = (−1)nα2x2 + α1xy − (−1)n(α2 + α5)y2 + (α3x− (−1)nα4y + α8z)u+
((−1)nα4x+ α3y + (−1)nα7x+ α6y)z
α∗3 = (α3x− (−1)nα4y + α8z)(x2 + y2)
α∗4 = ((−1)nα4x+ α3y + α8u)(x2 + y2)
α∗5 = (−1)nα5(x2 + y2) + u(α6x− (−1)nα7y)− z((−1)nα7x+ α6y)
α∗6 = (α6x− (−1)nα7y)(x2 + y2)
α∗7 = ((−1)nα7x+ α6y)(x2 + y2)
α∗8 = α8(x
2 + y2)2.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
8∑
i=1
α∗i∇i. We are only interested in θ with at least one of the coefficients
α5, α6, α7, α8 different from zero.
(1) α8 6= 0. Choosing u = − (−1)
nα4x+α3y
α8
and z = −α3x−(−1)nα4y
α8
, we have α∗3 = α
∗
4 = 0, α
∗
6, α
∗
7, α
∗
8
are the same as above and
α∗1 =
1
α8
((α1α8 − α3(α3 + α6) + α4(α4 + α7))(x2 − y2)+
2(−1)n(α3α7 + α4(2α3 + α6)− α8(2α2 + α5))xy)
α∗2 =
1
α8
((−1)n(α2α8 − α3(α4 + α7))x2 + (α1α8 − α3(α3 + α6) + α4(α4 + α7))xy+
(−1)n(α4(α3 + α6)− α8(α2 + α5))y2)
α∗5 =
(−1)n
α8
(α3α7 − α4α6 + α5α8)(x2 + y2).
(a) α26 + α
2
7 6= 0.
(i) α6 6= 0. Then choosing y = − (−1)
nα7x
α6
, we have x2 + y2 =
α26+α
2
7
α26
x2 6= 0, if x 6= 0. This
substitution leads to α∗7 = 0 and
α∗1 = α
∗∗
1 x
2 α∗2 = α
∗∗
2 x
2
α∗5 =
(−1)n(α26+α27)
α26α8
(α3α7 − α4α6 + α5α8)x2
α∗6 =
(α26+α
2
7)
2
α36
x3 α∗8 =
α8(α26+α
2
7)
2
α46
x4
for some coefficients α∗∗1 , α
∗∗
2 ∈ C. Choosing x = α6α8 , we get the family of representa-
tives 〈α∇1 + β∇2 + γ∇5 +∇6 +∇8〉. Acting by an automorphism which corresponds
to x = 1, y = z = u = 0, we can change the signs of β and γ.
(ii) α6 = 0. Then α7 6= 0. Choosing x = 0 and y = (−1)n+1 α7α8 , we get the same family of
representatives found in the previous item.
(b) α26 + α
2
7 = 0. Then (α
∗
6)
2 + (α∗7)
2 = 0, so α∗6 = ±iα∗7.
(i) α6 6= 0. Then α7 6= 0. Choosing x = 0 and y = − (−1)
nα7
α8
, we have x2 + y2 =
α27
α28
6= 0,
and this choice leads to α∗6 = α
∗
8 6= 0, and hence α∗7 = ±iα∗8 (we may make α∗7 = iα∗8 or
α∗7 = −iα∗8 by the appropriate choice of n). We thus obtain the family of representatives
〈α∇1 + β∇2 + γ∇5 +∇6 + i∇7 +∇8〉.
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Now, if we apply to 〈α∇1 + β∇2 + γ∇5 + ∇6 + i∇7 + ∇8〉 the automorphism which
corresponds to z = u = n = 0 and x = 1 − iy (with y 6= − i
2
), we will obtain 〈α∗∇1 +
β∗∇2 + γ∗∇5 +∇6 + i∇7 +∇8〉, where
α∗ = 1
(x−iy)2 (α(x
2 − y2)− 2(2β + γ)xy)
β∗ = 1
(x−iy)2 (βx
2 + αxy − (β + γ)y2)
γ∗ = γ
x−iy .
If α 6= 0 or β 6= 0, then we may suppose that α 6= 0 and β 6= 0 by applying a suitable
automorphism. So, we have the following cases.
(A) α 6= 0, β 6= 0 and γ 6= 0. The discriminants of the quadratic trinomials in α∗ and β∗
are
Dα∗ = 4(α
2 + 4β2 + 4βγ + γ2)
Dβ∗ = α
2 + 4β2 + 4βγ.
Since γ 6= 0, then at least one of the discriminants is nonzero.
• IfDβ∗ 6= 0, then the trinomial in β∗ has two distinct roots x1 = µ1y and x2 = µ2y.
Observe that at least one of µk is different from ±i, since the coefficient of xy is
different from zero. So, the equation 1− iy = µky has the solution y = 1µk+i 6= −
i
2
.
Choosing this y, we will have β∗ = 0. So, we obtain the family of representatives
〈α∇1 + γ∇5 +∇6 + i∇7 +∇8〉γ 6=0.
If α2 + γ2 = 0, then we have two disjoint subfamilies of representatives of distinct
orbits
〈α∇1 + iα∇5 +∇6 + i∇7 +∇8〉α6=0
and
〈α∇1 − iα∇5 +∇6 + i∇7 +∇8〉α6=0.
•Dα∗ 6= 0, then the trinomial in α∗ has two distinct roots with at least one different
from ±iy, since the coefficients of x2 and y2 are not equal. Thus, we obtain the
family of representatives 〈β∇2+γ∇5+∇6+ i∇7+∇8〉γ 6=0. It splits into the family
〈β∇2+ γ∇5+∇6+ i∇7+∇8〉γ 6∈{0,−2β} and the representative 〈∇2− 2∇5+∇6+
i∇7 +∇8〉. Observe that for γ 6= −2β we have
Orb〈β∇2 + γ∇5 +∇6 + i∇7 +∇8〉 = Orb〈β ′∇2 + γ′∇5 +∇6 + i∇7 +∇8〉
if and only if either (β ′, γ′) = (β, γ), or (β ′, γ′) = (β + γ,−γ). Moreover, there
exists an automorphism φ, such that
φ〈α∇1 + γ∇5 +∇6 + i∇7 +∇8〉γ 6∈{0,±iα} = 〈β ′∇2 + γ′∇5 +∇6 + i∇7 +∇8〉γ 6∈{0,−2β},
where β ′ =
(
γ+iα+
√
α2+γ2
)2
4
√
α2+γ2
, γ′ = − (γ+iα)γ√
α2+γ2
. Hence, the family
〈α∇1 + γ∇5 +∇6 + i∇7 +∇8〉γ 6∈{0,±iα}
is a subfamily of
〈β∇2 + γ∇5 +∇6 + i∇7 +∇8〉γ 6∈{0,−2β},
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so it suffices to choose only the second one.
(B) α 6= 0, β 6= 0 and γ = 0.
• If α2 + 4β2 6= 0, then using the same argument as above, we obtain the families
of representatives
〈α∇1 +∇6 + i∇7 +∇8〉 and 〈β∇2 +∇6 + i∇7 +∇8〉.
However, there exists an automorphism φ, such that
φ〈α∇1 +∇6 + i∇7 +∇8〉 = 〈αi
2
∇2 +∇6 + i∇7 +∇8〉,
so it suffices to choose only the first family. All the representatives of this family
belong to different orbits.
• If α2 + 4β2 = 0, then α∗ = ±2iβ (x±iy)2
(x−iy)2 , β
∗ = β (x±iy)
2
(x−iy)2 , so we have two disjoint
subfamilies of representatives
〈2iα∇1 + α∇2 +∇6 + i∇7 +∇8〉α6=0 and 〈−2iα∇1 + α∇2 +∇6 + i∇7 +∇8〉α6=0.
However, all the representatives of the first family belong to the same orbit, from
which we will take the representative 〈2i∇1 + ∇2 + ∇6 + i∇7 + ∇8〉. The repre-
sentatives of the second family belong to different orbits.
(C) α = β = 0 and γ 6= 0. Then α∗ = − 2γxy
(x−iy)2 , β
∗ = − γy2
(x−iy)2 . So, a choice of x and y
with x, y 6= 0 leads us to the subcase (A).
(D) α = β = γ = 0. Then we have the representative 〈∇6 + i∇7 +∇8〉 which belongs
to the family found above.
(ii) α6 = 0. Then α7 = 0. We have α
∗
6 = α
∗
7 = 0 and
α∗1 =
1
α8
((α1α8 − α23 + α24)(x2 − y2) + 2(−1)n(2α3α4 − α8(2α2 + α5))xy)
α∗2 =
1
α8
((−1)n(α2α8 − α3α4)x2 + (α1α8 − α23 + α24)xy + (−1)n(α3α4 − α8(α2 + α5))y2)
α∗5 = (−1)nα5(x2 + y2) α∗8 = α8(x2 + y2)2.
(A) (α1α8−α23+α24)2− 4(α2α8−α3α4)(α3α4−α8(α2+α5)) 6= 0. Then the equation
α∗2 = 0 has two different roots y1 = µ1x and y2 = µ2x for some µ1, µ2 ∈ C. If
µ21+1 = 0, then µ
2
2+1 6= 0, so we may always choose a root such that x2+ y2 6= 0,
whenever x 6= 0. This choice leads to the family of representatives
〈α∇1 + β∇5 +∇8〉.
• If β 6= 0, the applying to 〈α∇1 + β∇5 + ∇8〉 an automorphism φ with x =
√
β
and y = z = u = n = 0, we come to the family 〈α∇1 +∇5 +∇8〉. Observe that
there exists an automorphism φ, such that φ〈α∇1+∇5+∇8〉 = 〈α′∇1+∇5+∇8〉
if and only if α = (−1)nα′.
• If β = 0 and α 6= 0, then choosing x = √α, y = z = u = 0, we get the
representative 〈∇1 +∇8〉.
• If β = α = 0, then we have the representative 〈∇8〉.
(B) (α1α8 − α23 + α24)2 − 4(α2α8 − α3α4)(α3α4 − α8(α2 + α5)) = 0.
• If α5 6= 0, then either α3α4 − α8(α2 + α5) 6= 0, or α2α8 − α3α4 6= 0. Both of
the subcases are similar, so consider, for example, α3α4 − α8(α2 + α5) 6= 0. Then
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choosing x = 1 and y = −
√
α2α8−α3α4
α3α4−α8(α2+α5) , we have x
2+y2 = −α5α8
α3α4−α8(α2+α5) 6= 0.
This substitution gives α∗2 = 0, so we are in the previous subcase.
• If α5 = 0 and α3α4 − α2α8 6= 0, then α1α8 − α23 + α24 6= 0. We have α∗5 = 0 and
α∗1 =
α1α8−α23+α24
α8
(x± (−1)niy)2 α∗2 = α2α8−α3α4α8 (x± (−1)ny)2.
Choosing x = 1 and y = ∓(−1)n, we have x2 + y2 = 2 6= 0, so we obtain the
family of representatives 〈α∇1 +∇8〉, with α 6= 0. This is again a subfamily of the
family found above.
• If α5 = 0 and α3α4 − α2α8 = 0, then α1α8 − α23 + α24 = 0. This gives us the
representative 〈∇8〉, which was found above.
(2) α8 = 0 and α
2
6 + α
2
7 6= 0. We may assume that α6 6= 0, since otherwise we could apply an
automorphism with y 6= 0 to make α6 6= 0. Then choosing y = − (−1)
nα7x
α6
and u = − (−1)nα5x
α6
, we
have x2 + y2 =
α26+α
2
7
α26
x2 6= 0, if x 6= 0. This substitution gives α∗5 = α∗7 = 0 and
α∗1 =
((2α6α7(2α2+α5)+α1(α26−α27)+2α5(α4α6−α3α7))x+α6(α26+α27+2(α3α6+α4α7))z)x
α26
α∗2 =
(((−1)n(−α27(α2+α5)+α6(α2α6−α1α7)−α5(α3α6+α4α7))x+(−1)nα6(α4α6−α3α7)z)x
α26
α∗3 =
1
α36
(α26 + α
2
7)(α3α6 + α4α7)x
3
α∗4 =
(−1)n
α36
(α26 + α
2
7)(α4α6 − α3α7)x3
α∗6 =
1
α36
(α26 + α
2
7)
2x3.
(a) α4α6−α3α7 6= 0. Then choosing the appropriate value of z, we have α∗2 = 0, so we obtain the
family of representatives 〈α∗∇1 + β∗∇3 + γ∗∇4 +∇6〉, where γ∗ 6= 0.
(i) If α∗ 6= 0, then choosing x = α∗, y = z = u = 0, we get the family 〈∇1+α∇3+β∇4+
∇6〉β 6=0. There exists an automorphism φ, such that
φ〈∇1 + α∇3 + β∇4 +∇6〉 = 〈∇1 + α′∇3 + β ′∇4 +∇6〉
if and only if (α, β) = (α′, (−1)nβ ′).
(ii) If α∗ = 0, then we get the family 〈α∇3+ β∇4+∇6〉β 6=0. There exists an automorphism
φ, such that
φ〈α∇3 + β∇4 +∇6〉 = 〈α′∇3 + β ′∇4 +∇6〉
if and only if (α, β) = (α′, (−1)nβ ′).
(b) α4α6 − α3α7 = 0 and 2α3 + α6 6= 0. Then the appropriate choice of z gives the family of
representatives 〈α∗∇2 + β∗∇3 +∇6〉, where β∗ 6= −12 .
(i) If α∗ 6= 0, then choosing x = α∗, y = u = n = 0 and z = 0, we get the family
〈∇2 + α∇3 +∇6〉α6=− 1
2
.
(ii) If α∗ = 0, then we get the family 〈α∇3 +∇6〉α6=− 1
2
.
All the representatives of these families belong to different orbits.
(c) α4α6 − α3α7 = 0 and 2α3 + α6 = 0. Then α3 = −12α6 6= 0. So, we obtain the family of
representatives 〈α∗∇1 + β∗∇2 − 12∇3 +∇6〉.
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(i) If α∗ 6= 0, then choosing x = α∗, n = y = u = 0, we get the family 〈∇1+α∇2− 12∇3+∇6〉. There exists an automorphism φ, such that
φ〈∇1 + α∇2 − 1
2
∇3 +∇6〉 = 〈∇1 + α′∇2 − 1
2
∇3 +∇6〉
if and only if α = (−1)nα′.
(ii) If α∗ = 0 and β∗ 6= 0, then choosing y = u = n = 0 and x = β∗, we get the
representative 〈∇2 − 12∇3 +∇6〉.
(iii) If α∗ = β∗ = 0, then we get the representative 〈−1
2
∇3 +∇6〉.
(3) α8 = 0 and α
2
6 + α
2
7 = 0, where α6, α7 6= 0. Choosing x = 0 and y = − (−1)
n
3
√
α7
, we have
x2 + y2 = 1
3
√
α27
6= 0, and this choice leads to α∗6 = 1, and hence α∗7 = ±i (we may make α∗7 = i or
α∗7 = −i by the appropriate choice of n). Moreover, choosing u = −α5+α6
3
√
α7z
(−1)n 3
√
α47
, we have α∗3 =
α4
α7
,
α∗4 = − (−1)
nα3
α7
, α∗5 = 0 and
α∗1 =
1
3
√
α57
(−α1α7 − α5α6 − 2α3α5 + 2(−α3α6 + α4α7 − α26) 3
√
α7z)
α∗2 = − (−1)
n
3
√
α57
(α2α7 + α5α7 + α4α5 + (α3α7 + α4α6 + α6α7) 3
√
α7z).
(a) α3α7 + α4α6 + α6α7 6= 0. Then choosing z = − α2α7+α5α7+α4α5(α3α7+α4α6+α6α7) 3√α7 , we obtain the family of
representatives 〈α∇1 + β∇3 + γ∇4 +∇6 + i∇7〉. If α 6= 0, then applying the automorphism
with z = u = 0 and y = x 6= 0, we obtain the family 〈β∇3+γ∇4+∇6+ i∇7〉. Now choosing
z = u = n = 0, we obtain 〈β∗∇3 + γ∗∇4 +∇6 + i∇7〉, where
β∗ =
βx− γy
x− iy and γ
∗ =
γx+ βy
x− iy .
If β 6= 0 or γ 6= 0, then we may suppose that β 6= 0 and γ 6= 0 by applying a suitable
automorphism. So, we have the following cases.
(i) If β 6= 0, γ 6= 0 and β2 + γ2 6= 0, then choosing y = −γx
β
and x 6= 0, we obtain the
family 〈α∇3 +∇6 + i∇7〉α6=0, whose representatives belong to different orbits.
(ii) If β 6= 0, γ 6= 0 and β2 + γ2 = 0, then β = ±iγ. If β = iγ, then β∗ = iγ(x+iy)
x−iy , γ
∗ =
γ(x+iy)
x−iy , so β
∗ = iγ∗. A suitable choice of x and y leads to the representative 〈i∇3+∇4+
∇6+ i∇7〉. If β = −iγ, then β∗ = β and γ∗ = γ, so we get the family of representatives
〈−iα∇3 + α∇4 +∇6 + i∇7〉α6=0 of different orbits.
If β = γ = 0, then we have the representative 〈∇6 + i∇7〉.
(b) α3α7+α4α6+α6α7 = 0. If α6 = ±iα7, then α3 = ∓i(α4+α7) and we obtain the representative
〈α⋆1∇1 + α⋆2∇2 + α4α7∇3 ± (−1)ni(1 + α4α7 )∇4 +∇6 ∓ (−1)ni∇7〉, where
α⋆1 = −
±2iα4α5 + α1α7 ± iα5α7
3
√
α57
, α⋆2 = −
(−1)n(α4α5 + α2α7 + α5α7)
3
√
α57
.
The appropriate choice of n leads to the family
〈α∇1 + β∇2 + γ∇3 − i(1 + γ)∇4 +∇6 + i∇7〉.
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(i) (α, β) 6= (0, 0). We may assume that α 6= 0, since otherwise we could apply an automor-
phism corresponding to n = 0, u = iz and x, y 6= 0. Then choosing n = 0 and u = iz
we obtain the representative 〈α⋆∇1 + β⋆∇2 + γ⋆∇3 − i(1 + γ⋆)∇4 +∇6 + i∇7〉, where
α⋆ =
αx2 − 4βxy − αy2
(x2 + y2)(x− iy) , β
⋆ =
βx2 + αxy − βy2
(x2 + y2)(x− iy) , γ
⋆ =
γx+ i(γ + 1)y
x− iy .
(A) α2 + 4β2 6= 0. Then the equation α⋆ = 0 has two distinct solutions y1 = µ1x and
y2 = µ2x. At least one of them is different from ±i, since the coefficients of x2 and
y2 in the nominator of α⋆ are not equal. Choosing this solution we have x2+ y2 6= 0
and α⋆ = 0. Since the condition α2+4β2 6= 0 is invariant under the automorphisms
preserving the family, we may assume α = 0 and β 6= 0 from the very beginning of
this subcase. Then n = y = 0, u = iz and x = β gives the family of representatives
〈∇2 + α∇3 − i(1 + α)∇4 +∇6 + i∇7〉.
Observe that
Orb〈∇2 + α∇3 − i(1 + α)∇4 +∇6 + i∇7〉 = Orb〈∇2 + α′∇3 − i(1 + α′)∇4 +∇6 + i∇7〉
if and only if either α′ = α, or α′ = −α − 1.
(B) α2 + 4β2 = 0. Then we have 4 distinct orbits whose representatives are〈
∇1 ± i
2
∇2 +∇3 − 2i∇4 +∇6 + i∇7
〉
and
〈
∇1 ± i
2
∇2 − 1
2
∇3 − i
2
∇4 +∇6 + i∇7
〉
.
(ii) (α, β) = (0, 0). Then we have 2 distinct orbits whose representatives are
〈∇3 − 2i∇4 +∇6 + i∇7〉 and
〈
− 1
2
∇3 − i
2
∇4 +∇6 + i∇7
〉
.
(4) α8 = α7 = α6 = 0 and α5 6= 0. Then α∗6 = α∗7 = 0 and
α∗1 = α1(x
2 − y2)− 2(−1)n(2α2 + α5)xy − 2((−1)nα4x+ α3y)u+ 2(α3x− (−1)nα4y)z
α∗2 = (−1)nα2x2 + α1xy − (−1)n(α2 + α5)y2 + (α3x− (−1)nα4y)u+ ((−1)nα4x+ α3y)z
α∗3 = (α3x− (−1)nα4y)(x2 + y2)
α∗4 = ((−1)nα4x+ α3y)(x2 + y2)
α∗5 = (−1)nα5(x2 + y2).
(a) α23 + α
2
4 6= 0 and α4 6= 0. Then choosing y = (−1)
nα3x
α4
, we have x2 + y2 =
α23+α
2
4
α24
x2 6= 0 if
x 6= 0. Moreover, α∗3 = 0 and
α∗1 =
1
α24
((α1(α
2
4 − α23)− 2α3α4(2α2 + α5))x− 2(−1)nα4(α23 + α24)u)x
α∗2 =
(−1)n
α24
((α2α
2
4 + α1α3α4 − (α2 + α5)α23)x+ α4(α23 + α24)z)x
α∗4 =
(−1)n
α34
(α23 + α
2
4)
2x3
α∗5 =
(−1)nα5
α24
(α23 + α
2
4)x
2.
Choosing z = − (α2α24+α1α3α4−(α2+α5)α23)x
α4(α23+α
2
4)
and u =
(α1(α24−α23)−2α3α4(2α2+α5))x
2(−1)nα4(α23+α24)
and x = α4α5
α23+α
2
4
6=
0, we obtain the representative 〈∇4 +∇5〉.
(b) α23 + α
2
4 6= 0 and α4 = 0. Then α3 6= 0, so choosing x = 0, y = (−1)
nα5
α3
and the suitable values
of z and u, we get the same representative 〈∇4 +∇5〉.
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(c) α23 + α
2
4 = 0 and α4 6= 0. e may assume that α4 = iα3 using the suitable value of n. Then
choosing n = 0 we have α∗4 = iα
∗
3. Moreover, choosing x = 0 and y =
iα5
α3
, we obtain
α∗3 = α
∗
5. Then z = iu − α1α52α23 gives α
∗
1 = 0 and α
∗
2 =
α25(−iα1+2(α2+α5))
2α23
, so we obtain the
family of representatives 〈α∇2 +∇3 + i∇4 +∇5〉. In fact, only two orbits are distinct, whose
representatives are 〈∇3 + i∇4 +∇5〉 and 〈−12∇2 +∇3 + i∇4 +∇5〉.
(d) α23 + α
2
4 = 0 and α4 = 0. Then α3 = 0, so we have α
∗
3 = α
∗
4 = 0 and this leads to a split
extension.
(5) α8 = α7 = α6 = α5 = 0.We may assume that α3 6= 0.
(a) α23 + α
2
4 6= 0. Choosing z = −x(4α2α3α4+α1(α
2
3−α24))
2α3(α23+α
2
4))
, u =
(−1)nx(α1α3α4−α2(α23−α24))
α3(α23+α
2
4)
and y =
(−1)1+nxα4
α3
we have the representative 〈∇3〉.
(b) α3 = ±iα4. Choosing the appropriate value of n, we may assume that α3 = iα4.
(i) α1 − 2iα2 6= 0. Choosing y = z = n = 0, u = ixα2α4 and x = α1−2iα2α4 we have the
representative 〈∇1 + i∇3 +∇4〉.
(ii) α1 − 2iα2 = 0. Choosing y = z = n = 0 and u = ixα2α4 we have the representative〈i∇3 +∇4〉.
Summarizing, we obtain the following representatives of different orbits giving non-Jordan CD-algebras
〈∇1 + i2∇2 +∇3 − 2i∇4 +∇6 + i∇7〉 〈∇1 + i2∇2 − 12∇3 − i2∇4 +∇6 + i∇7〉〈∇1 − i2∇2 +∇3 − 2i∇4 +∇6 + i∇7〉 〈∇1 − i2∇2 − 12∇3 − i2∇4 +∇6 + i∇7〉〈∇1 + α∇2 − 12∇3 +∇6〉 〈α∇1 + β∇2 + γ∇5 +∇6 +∇8〉〈2i∇1 +∇2 +∇6 + i∇7 +∇8〉 〈−2iα∇1 + α∇2 +∇6 + i∇7 +∇8〉α6=0
〈∇1 + α∇3 + β∇4 +∇6〉β 6=0 〈α∇1 + iα∇5 +∇6 + i∇7 +∇8〉α6=0
〈α∇1 − iα∇5 +∇6 + i∇7 +∇8〉α6=0 〈α∇1 +∇5 +∇8〉
〈α∇1 +∇6 + i∇7 +∇8〉 〈∇1 +∇8〉
〈−1
2
∇2 +∇3 + i∇4 +∇5〉 〈∇2 + α∇3 − i(1 + α)∇4 +∇6 + i∇7〉
〈∇2 + α∇3 +∇6〉 〈∇2 − 2∇5 +∇6 + i∇7 +∇8〉
〈α∇2 + β∇5 +∇6 + i∇7 +∇8〉β 6∈{0,−2α} 〈∇3 + i∇4 +∇5〉
〈α∇3 + β∇4 +∇6〉β 6=0 〈i∇3 +∇4 +∇6 + i∇7〉
〈−iα∇3 + α∇4 +∇6 + i∇7〉 〈∇3 − 2i∇4 +∇6 + i∇7〉
〈−1
2
∇3 − i2∇4 +∇6 + i∇7〉 〈α∇3 +∇6〉〈α∇3 +∇6 + i∇7〉α6=0 〈∇4 +∇5〉
〈∇8〉.
and those giving Jordan algebras: 〈∇1 + i∇3 +∇4〉, 〈i∇3 +∇4〉, 〈∇3〉.
CD
4
39 : e1e1 = e3 + e4 e1e2 =
i
2
e4 e1e3 = e4 e2e1 =
i
2
e4
e2e2 = e3 e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
40 : e1e1 = e3 + e4 e1e2 =
i
2
e4 e1e3 = −12e4 e2e1 = i2e4
e2e2 = e3 e2e3 = − i2e4 e3e1 = 12e4 e3e2 = i2e4
CD
4
41 : e1e1 = e3 + e4 e1e2 = − i2e4 e1e3 = e4 e2e1 = − i2e4
e2e2 = e3 e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
42 : e1e1 = e3 + e4 e1e2 = − i2e4 e1e3 = −12e4 e2e1 = − i2e4
e2e2 = e3 e2e3 = − i2e4 e3e1 = 12e4 e3e2 = i2e4
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CD
4
43(α) : e1e1 = e3 + e4 e1e2 = αe4 e1e3 = −12e4
e2e1 = αe4 e2e2 = e3 e3e1 =
1
2
e4
CD
4
44(α, β, γ) : e1e1 = e3 + αe4 e1e2 = βe4 e2e1 = (β + γ)e4
e2e2 = e3 e3e1 = e4 e3e3 = e4
CD
4
45 : e1e1 = e3 + 2ie4 e1e2 = e4 e2e1 = e4 e2e2 = e3
e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
46(α) : e1e1 = e3 − 2iαe4 e1e2 = αe4 e2e1 = αe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
47(α, β) : e1e1 = e3 + e4 e1e3 = αe4 e2e2 = e3
β 6= 0 e2e3 = βe4 e3e1 = (α + 1)e4 e3e2 = βe4
CD
4
48(α) : e1e1 = e3 + αe4 e2e1 = iαe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
49(α) : e1e1 = e3 + αe4 e2e1 = −iαe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
50(α) : e1e1 = e3 + αe4 e2e1 = e4 e2e2 = e3 e3e3 = e4
CD
4
51(α) : e1e1 = e3 + αe4 e2e2 = e3 e3e1 = e4
e3e2 = ie4 e3e3 = e4
CD
4
52 : e1e1 = e3 + e4 e2e2 = e3 e3e3 = e4
CD
4
53 : e1e1 = e3 e1e2 = −12e4 e1e3 = e4 e2e1 = 12e4
e2e2 = e3 e2e3 = ie4 e3e1 = e4 e3e2 = ie4
CD
4
54(α) : e1e1 = e3 e1e2 = e4 e1e3 = αe4 e2e1 = e4
e2e2 = e3 e2e3 = −i(α + 1)e4 e3e1 = (α + 1)e4 e3e2 = −iαe4
CD
4
55(α) : e1e1 = e3 e1e2 = e4 e1e3 = αe4
e2e1 = e4 e2e2 = e3 e3e1 = (α + 1)e4
CD
4
56 : e1e1 = e3 e1e2 = e4 e2e1 = −e4 e2e2 = e3
e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
57(α, β) : e1e1 = e3 e1e2 = αe4 e2e1 = (α + β)e4 e2e2 = e3
β 6∈ {0,−2α} e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
58 : e1e1 = e3 e1e3 = e4 e2e1 = e4 e2e2 = e3
e2e3 = ie4 e3e1 = e4 e3e2 = ie4
CD
4
59(α, β) : e1e1 = e3 e1e3 = αe4 e2e2 = e3
β 6= 0 e2e3 = βe4 e3e1 = (α + 1)e4 e3e2 = βe4
CD
4
60 : e1e1 = e3 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = (i+ 1)e4 e3e2 = (i+ 1)e4
CD
4
61(α) : e1e1 = e3 e1e3 = −iαe4 e2e2 = e3
e2e3 = αe4 e3e1 = (1− iα)e4 e3e2 = (α + i)e4
CD
4
62 : e1e1 = e3 e1e3 = e4 e2e2 = e3
e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
63 : e1e1 = e3 e1e3 = −12e4 e2e2 = e3
e2e3 = − i2e4 e3e1 = 12e4 e3e2 = i2e4
CD
4
64(α) : e1e1 = e3 e1e3 = αe4 e2e2 = e3 e3e1 = (α + 1)e4
CD
4
65(α) : e1e1 = e3 e1e3 = αe4 e2e2 = e3
22
α 6= 0 e3e1 = (α+ 1)e4 e3e2 = ie4
CD
4
66 : e1e1 = e3 e2e1 = e4 e2e2 = e3
e2e3 = e4 e3e2 = e4
CD
4
67 : e1e1 = e3 e2e2 = e3 e3e3 = e4
CD
4
68 : e1e1 = e3 + e4 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = ie4 e3e2 = e4
CD
4
69 : e1e1 = e3 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = ie4 e3e2 = e4
CD
4
70 : e1e1 = e3 e1e3 = e4 e2e2 = e3 e3e1 = e4
All these algebras are non-isomorphic, except
CD
4
43(α)
∼= CD443(−α) CD444(α, β, γ) ∼= CD444(α,−β,−γ) CD447(α, β) ∼= CD447(α,−β)
CD
4
50(α) = CD
4
50(−α) CD454(α) ∼= CD454(−α − 1) CD457(α, β) ∼= CD457(α + β,−β)
CD
4
59(α, β)
∼= CD459(α,−β).
2.6. 1-dimensional central extensions of CD3∗03. Let us use the following notations
∇1 = [∆13]− [∆31], ∇2 = [∆23]− [∆32], ∇3 = [∆11], ∇4 = [∆12],
∇5 = [∆13], ∇6 = [∆22], ∇7 = [∆23], ∇8 = [∆33].
Take θ =
∑8
i=1 αi∇i ∈ H2CD(CD3∗03). If
φ =

x y 0z u 0
v w xu− yz

 ∈ AutCD3∗03,
then
φT

 α3 α4 α1 + α50 α6 α2 + α7
−α1 −α2 α8

φ =

 α∗3 α∗4 − α∗ α∗1 + α∗5α∗ α∗6 α∗2 + α∗7
−α∗1 −α∗2 α∗8

 ,
where
α∗1 = (xu− yz)(α1x+ α2z − α8v)
α∗2 = (xu− yz)(α1y + α2u− α8w)
α∗3 = α3x
2 + α5vx+ α8v
2 + z(α4x+ α6z + α7v)
α∗4 = x(2α3y + α4u+ α5w) + z(α4y + 2α6u+ α7w) + v(α5y + α7u+ 2α8w)
α∗5 = (xu− yz)(α5x+ α7z + 2α8v)
α∗6 = α3y
2 + α4uy + α6u
2 + w(α5y + α7u+ α8w)
α∗7 = (xu− yz)(α5y + α7u+ 2α8w)
α∗8 = α8(xu− yz)2.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
8∑
i=1
α∗i∇i. We are only interested in θ with (α1, α2, α5, α7, α8) 6=
(0, 0, 0, 0, 0).
(1) α8 6= 0. Choosing w = α1y+α2uα8 and v = α1x+α2zα8 we get α∗1 = α∗2 = 0 without changing α∗8. Thus,
we may also assume that α1 = α2 = 0 from the very beginning. Taking v = w = 0, we obtain
α∗1 = α
∗
2 = 0 and
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α∗3 = α3x
2 + α4xz + α6z
2 α∗4 = 2α3xy + α4(ux+ yz) + 2α6uz
α∗5 = (xu− yz)(α5x+ α7z) α∗6 = α3y2 + α4uy + α6u2
α∗7 = (xu− yz)(α5y + α7u) α∗8 = α8(xu− yz)2.
(a) α3 6= 0 and α24−4α3α6 6= 0. Then the equation α∗3 = 0 has two distinct solutions: x1 = µ1z and
x2 = µ2z, where µ1, µ2 ∈ C. Since α∗6 = 0 has the same coefficients, its solutions are y1 = µ1u
and y2 = µ2u. Observe that x1u− y2z = (µ1− µ2)uz. So, we may take x = µ1z and y = µ2z,
where u, z 6= 0, and obtain α∗3 = α∗6 = 0. Thus, we obtain the family of representatives
〈α∇4 + β∇5 + γ∇7 +∇8〉.
(i) β, γ 6= 0. Then choosing v = w = x = u = 0, y = −γ, z = −β we obtain the family of
representatives of distinct orbits 〈α∇4 +∇5 +∇7 +∇8〉.
(ii) β 6= 0 and γ = 0. Then we obtain the representatives 〈∇5 +∇8〉 and 〈∇4 +∇5 +∇8〉
depending on whether α = 0 or not. Observe that 〈∇5 + ∇8〉 belongs to the family
〈α∇4 +∇5 +∇7 +∇8〉, while 〈∇4 +∇5 +∇8〉 does not.
(iii) β = 0 and γ 6= 0. Then we obtain the same representatives as in the previous item.
(iv) β = γ = 0. Then we obtain the representatives 〈∇8〉 and 〈∇4 + ∇8〉 depending on
whether α = 0 or not.
(b) α3 6= 0 and α24− 4α3α6 = 0. Observe that (α∗4)2− 4α∗3α∗6 = (α24− 4α3α6)(xu− yz)2 = 0. So,
choosing x = −α4z
2α3
we obtain α∗3 = 0, and hence α
∗
4 = 0 as well.
(i) α7 6= 0 and α4α5 − 2α3α7 6= 0. Then taking u = −α5yα7 , we obtain α∗7 = 0. This gives
the representative 〈∇5 +∇6 +∇8〉.
(ii) α7 6= 0 and α4α5 − 2α3α7 = 0. Then α∗5 = 0 as well. This leads to the family of
representatives of distinct orbits 〈α∇6 +∇7 +∇8〉α6=0.
(iii) α7 = 0, α5 6= 0 and α4 6= 0. Then choosing y = 0, z =
√
α3
α8
, u = α5
α8
we obtain the
representative 〈∇5 +∇6 +∇8〉 found above.
(iv) α7 = 0, α5 6= 0 and α4 = 0. Then choosing u = 1, z = −α5α8 , y = 1, we obtain the
family 〈α∇6 +∇7 +∇8〉α6=0 found above.
(v) α7 = 0 and α5 = 0. Then choosing u = 0, z =
√
α3
α8
, y = 1, we obtain the representative
〈∇6 +∇8〉.
(c) α3 = 0.
(i) α6 6= 0. Then choosing x = 0 and y = z = 1 we get α∗3 6= 0, so we are in one of the
previous cases.
(ii) α6 = 0 and α4 6= 0. Then choosing x = z = 1 and y 6= u, we get α∗3 6= 0, so we are in
one of the previous cases.
(iii) α6 = α4 = 0. Then we obtain the family of representatives 〈β∇5 + γ∇7 +∇8〉 which is
a subfamily of a family considered above.
(2) α8 = 0 and α7 6= 0. Then choosing u = −α5yα7 we obtain α∗8 = 0 and α∗7 = 0, so we may assume
α7 = α8 = 0 since the beginning. Then taking y = 0 we get α
∗
7 = α
∗
8 = 0 and
α∗1 = (α1x+ α2z)ux α
∗
2 = α2u
2x
α∗3 = α3x
2 + α4xz + α5vx+ α6z
2 α∗4 = α4ux+ α5wx+ 2α6uz
α∗5 = α5ux
2 α∗6 = α6u
2.
24
(a) α5 6= 0. Then choosing x 6= 0 and v = −α3x2+α4xz+α6z2α5x , w = −α4ux+2α6uzα5x we obtain
α∗3 = α
∗
4 = 0.
(i) α2 6= 0. Then choosing z = −α1xα2 and u = α5xα2 we have two representatives 〈∇2 +∇5〉
and 〈∇2 +∇5 +∇6〉 depending on whether α6 = 0 or not.
(ii) α2 = 0. Then we have two families of representatives of distinct orbits 〈α∇1 +∇5〉 and
〈α∇1 +∇5 +∇6〉 depending on whether α6 = 0 or not.
(b) α5 = 0. Then α
∗
5 = 0 and
α∗1 = (α1x+ α2z)ux α
∗
2 = α2u
2x α∗3 = α3x
2 + α4xz + α6z
2
α∗4 = (α4x+ 2α6z)u α
∗
6 = α6u
2.
(i) α6 6= 0. Then choosing z = −α4x2α6 we have α∗4 = 0, α∗2, α∗6 are as above and
α∗1 =
(
α1 − α2α42α6
)
ux2 α∗3 =
(
α3 − α
2
4
4α6
)
x2.
(A) If α2 6= 0, then choosing x = α6α2 , we obtain two families of representatives
〈∇2 + α∇3 +∇6〉 and 〈∇1 +∇2 + α∇3 +∇6〉
depending on whether α1 − α2α42α6 = 0 or not.• The first family gives two distinct orbits, whose representatives are
〈∇2 +∇6〉 and 〈∇2 +∇3 +∇6〉.
• The second family splits into three distinct orbits, whose representatives are
〈∇1 +∇3 +∇6〉α6∈{−1,0}, 〈∇1 +∇6〉α=0 and 〈∇1 +∇4〉α=−1.
Note that Orb〈∇1 +∇3 +∇6〉 = Orb〈∇2 +∇3 +∇6〉.
(B) If α2 = 0 and α1 6= 1, then choosing u = α1x2α6 , we obtain the family 〈∇1 +
α∇3 + ∇6〉, which gives two distinct orbits with representatives 〈∇1 + ∇6〉 and
〈∇1 +∇3 +∇6〉. Both of them were found above.
(C) If α2 = 0 and α1 = 0, then we obtain two distinct orbits with representatives 〈∇6〉
and 〈∇3 +∇6〉. They define algebras with 2-dimensional annihilators
(ii) α6 = 0. Then α
∗
6 = 0.
(A) If α4 6= 0, then choosing z = −α3xα4 , we get α∗3 = 0 and
α∗1 =
(
α1 − α2α3α4
)
ux2 α∗2 = α2u
2x α∗4 = α4ux.
Hence, we have two families of representatives 〈α∇1+∇4〉 and 〈α∇1 +∇2 +∇4〉
depending on whether α2 = 0 or not. The first family gives two distinct orbits with
representatives 〈∇4〉 and 〈∇1+∇4〉. Moreover, the representative 〈∇4〉 determines
an algebra with 2-dimensional annihilator which has been found before. The second
family also gives two distinct orbits whose representatives are 〈∇2+∇4〉 and 〈∇1+
∇2 +∇4〉. Observe that
Orb〈∇2 +∇4〉 = Orb〈∇1 +∇4〉 and Orb〈∇1 +∇2 +∇4〉 = Orb〈∇1 +∇3 +∇6〉.
(B) If α4 = 0, then α
∗
4 = 0 and
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α∗1 = (α1x+ α2z)ux α
∗
2 = α2u
2x α∗3 = α3x
2.
• α3 6= 0. If α2 6= 0, then choosing z = −α1α3 , x = α2α3 , y = 0 and u = 1, we obtain
the representative 〈∇2 + ∇3〉, but it has the same orbit as Orb〈∇1 + ∇6〉 found
above. Otherwise, we have two representatives 〈∇3〉 and 〈∇1 +∇3〉 depending on
whether α1 = 0 or not. The representative 〈∇1 + ∇3〉 will substitute 〈∇2 + ∇6〉
found above, since they belong to the same orbit. Observe also that 〈∇3〉 gives an
algebra with 2-dimensional annihilator which has been found before.
• If α3 = 0, then we have only one representative 〈∇2〉, which gives a Lie algebra.
Summarizing, we have the following representatives of different orbits giving non-Lie CD-algebras:
〈∇1 +∇3〉 〈∇1 +∇3 +∇6〉 〈∇1 +∇4〉
〈α∇1 +∇5〉 〈α∇1 +∇5 +∇6〉 〈∇1 +∇6〉
〈∇2 +∇5〉 〈∇2 +∇5 +∇6〉 〈α∇4 +∇5 +∇7 +∇8〉
〈∇4 +∇5 +∇8〉 〈∇4 +∇8〉 〈∇5 +∇6 +∇8〉
〈α∇6 +∇7 +∇8〉α6=0 〈∇6 +∇8〉 〈∇8〉.
and those giving Lie algebras: 〈∇2〉.
CD
4
71 : e1e1 = e4 e1e2 = e3 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
CD
4
72 : e1e1 = e4 e1e2 = e3 e1e3 = e4
e2e1 = −e3 e2e2 = e4 e3e1 = −e4
CD
4
73 : e1e2 = e3 + e4 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
CD
4
74(α) : e1e2 = e3 e1e3 = (α + 1)e4 e2e1 = −e3 e3e1 = −αe4
CD
4
75(α) : e1e2 = e3 e1e3 = (α + 1)e4 e2e1 = −e3 e2e2 = e4 e3e1 = −αe4
CD
4
76 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e1 = −e4
CD
4
77 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e3 = e4 e3e2 = −e4
CD
4
78 : e1e2 = e3 e1e3 = e4 e2e1 = −e3
e2e2 = e4 e2e3 = e4 e3e2 = −e4
CD
4
79(α) : e1e2 = e3 + αe4 e1e3 = e4 e2e1 = −e3 e2e3 = e4 e3e3 = e4
CD
4
80 : e1e2 = e3 + e4 e1e3 = e4 e2e1 = −e3 e3e3 = e4
CD
4
81 : e1e2 = e3 + e4 e2e1 = −e3 e3e3 = e4
CD
4
82 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e3 = e4
CD
4
83(α 6= 0) : e1e2 = e3 e2e1 = −e3 e2e2 = αe4 e2e3 = e4 e3e3 = e4
CD
4
84 : e1e2 = e3 e2e1 = −e3 e2e2 = e4 e3e3 = e4
CD
4
85 : e1e2 = e3 e2e1 = −e3 e3e3 = e4
CD
4
86 : e1e2 = e3 e2e1 = −e3 e2e3 = e4 e3e2 = −e4
2.7. 1-dimensional central extensions of CD3∗04. Let us use the following notations
∇1 = [∆11], ∇2 = [∆12], ∇3 = [∆13], ∇4 = [∆21],
∇5 = [∆23], ∇6 = [∆31], ∇7 = [∆32], ∇8 = [∆33].
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Take θ =
∑8
i=1 αi∇i ∈ H2CD(CD3∗04). If
φ =

 x y 0−λy x− y 0
z u x2 − xy + λy2

 ∈ AutCD3∗04,
then
φT

α1 α2 α3α4 0 α5
α6 α7 α8

φ =

α∗1 + λα∗ α∗2 α∗3α∗4 + α∗ α∗ α∗5
α∗6 α
∗
7 α
∗
8

 ,
where
α∗1 = α1x
2 + λ(−α1 + α2 + α4)y2 + α8z2 − λα8u2 − 2λ(α2 + α4)xy + (α3 + α6)xz−
λ(α5 + α7)yz − λ(α5 + α7)ux+ λ(−α3 + α5 − α6 + α7)uy
α∗2 = α2x
2 − λα4y2 + (α1 − α2)xy + α7xz + (α6 − α7)yz − α5λuy + α3ux+ α8uz
α∗3 = (x
2 − xy + λy2)(α3x− λα5y + α8z)
α∗4 = α4x
2 + (−α1 + (1− λ)α2 + α4)y2 − α8u2 + (α1 − α2 − 2α4)xy + (α3 − α5)yz+
α5xz + (−α5 + α6 − α7)ux+ (−α3 + α5 − α6 + (1− λ)α7)uy + α8uz
α∗5 = (x
2 − xy + λy2)(α5x+ (α3 − α5)y + α8u)
α∗6 = (x
2 − xy + λy2)(α6x− λα7y + α8z)
α∗7 = (x
2 − xy + λy2)(α7x+ (α6 − α7)y + α8u)
α∗8 = (x
2 − xy + λy2)2α8.
Hence, φ〈θ〉 = 〈θ∗〉, where θ∗ =
8∑
i=1
α∗i∇i. All orbits with α8 = 0, which give non-Leibniz algebras are
classified in [31]. It is easy to see that only orbit 〈α1∇1 + α2∇2 + α4∇4 +∇5〉λ=0 gives non-split Leibniz
algebra. It is follows that there are only three non-split extensions of CD3∗04(0) which give Leibniz algebras:
〈∇1 +∇5〉λ=0 〈∇5〉λ=0 〈∇1 +∇2 +∇5〉λ=0
Thanks to [31], the first and the second representatives we can joint with families of algebrasD438(λ 6= 0)
andD440(λ 6= 0) from [31]. The last representative gives one new algebra:
D
4
00 : e1e1 = e4 e1e2 = e4 e2e1 = e3 e2e2 = e3 e2e3 = e4
From here we are only interested in θ with α8 6= 0. Choosing u = −α7x+(α6−α7)yα8 and z = −
α6x−λα7y
α8
,
we may make α∗6 = α
∗
7 = 0, so we shall assume that α6 = α7 = 0. Taking u = z = 0, we get α
∗
6 = α
∗
7 = 0,
α∗8 is as above and
α∗1 = α1x
2 − 2λ(α2 + α4)xy + λ(−α1 + α2 + α4)y2,
α∗2 = α2x
2 + (α1 − α2)xy − λα4y2,
α∗3 = (x
2 − xy + λy2)(α3x− λα5y),
α∗4 = α4x
2 + (α1 − α2 − 2α4)xy + (−α1 + (1− λ)α2 + α4)y2,
α∗5 = (x
2 − xy + λy2)(α5x+ (α3 − α5)y).
Observe that the equations α∗2 = 0 and α
∗
4 = 0 have the same discriminant (α1 − α2)2 + 4λα2α4. So, we
have the following subcases.
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(1) α1 6= 0, α2 6= 0 and (α1 − α2)2 + 4λα2α4 6= 0. Note that
(α∗1 − α∗2)2 + 4λα∗2α∗4 = ((α1 − α2)2 + 4λα2α4)(x2 − xy + λy2)2,
so the condition (α1 − α2)2 + 4λα2α4 6= 0 is invariant under the automorphisms preserving the
condition α6 = α7 = 0. The equation α
∗
2 = 0 has two distinct solutions x1 = µ1y and x2 = µ2y,
where µ1, µ2 ∈ C. Suppose that µ21 − µ1 + λ = µ22 − µ2 + λ = 0. Then µ21 − µ1 = µ22 − µ2, i.e.
(µ1−µ2)(µ1+µ2− 1) = 0. Since µ1 6= µ2, we conclude that µ1+µ2 = 1. But µ1+µ2 = −α1−α2α2 ,
whence α1−α2 = −α2, which contradicts the assumption that α1 6= 0. Thus, we may choose y 6= 0
and x = µiy for which α
∗
2 = 0 and α
∗
8 = 1. Then (α
∗
1 − α∗2)2 + 4λα∗2α∗4 = (α∗1)2, whence α∗1 6= 0.
This gives the following family of representatives 〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉.
(a) λ 6∈ {0, 1
4
}. If (α, β, γ) 6= (α′, β ′, γ′), such that β, β ′ 6= 1±
√
1−4λ
2λ
, then
Orb〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉 = Orb〈∇1 + α′∇3 + β ′∇4 + γ′∇5 +∇8〉
if and only if either (α′, β ′, γ′) =
(
±(γ − αβ)
√
−λ
1−β+λβ2 ,
1
λ
− β,±(γ
λ
− α
λ
− βγ)
√
−λ
1−β+λβ2
)
,
where
√
−λ
1−β+λβ2 is one of the two values of the square root, or (α
′, β ′, γ′) = (−α, β,−γ).
Moreover, for (α, γ) 6= (α′, γ′) one has
Orb
〈
∇1 + α∇3 + 1±
√
1− 4λ
2λ
∇4 + γ∇5 +∇8
〉
= Orb
〈
∇1 + α′∇3 + 1±
√
1− 4λ
2λ
∇4 + γ′∇5 +∇8
〉
if and only if (α′, γ′) = (−α,−γ).
(b) λ = 1
4
. If (α, β, γ) 6= (α′, β ′, γ′), such that β, β ′ 6= 2, then
Orb〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉 = Orb〈∇1 + α′∇3 + β ′∇4 + γ′∇5 +∇8〉
if and only if either (α′, β ′, γ′) =
(
± i(γ−αβ)
β−2 , 4− β,± i(4γ−4α−βγ)β−2
)
, or (α′, β ′, γ′) =
(−α, β,−γ). Moreover, for (α, γ) 6= (α′, γ′) one has
Orb〈∇1 + α∇3 + 2∇4 + γ∇5 +∇8〉 = Orb〈∇1 + α′∇3 + 2∇4 + γ′∇5 +∇8〉
if and only if (α′, γ′) = (−α,−γ).
(c) λ = 0. If (α, β, γ) 6= (α′, β ′, γ′), then
Orb〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉 = Orb〈∇1 + α′∇3 + β ′∇4 + γ′∇5 +∇8〉
if and only if (α′, β ′, γ′) = (−α, β,−γ).
(2) α1 6= 0, α2 6= 0 and (α1 − α2)2 + 4λα2α4 = 0. Observe that
(α∗1 − α∗2)2 + 4λα∗2α∗4 = ((α1 − α2)2 + 4λα2α4)(x2 − xy + λy2)2 = 0,
so (α1 − α2)2 + 4λα2α4 = 0 is invariant under the automorphisms preserving the condition α6 =
α7 = 0.
(a) α4 6= 0 and α1 − α2 6= 0. It follows that λ = − (α1−α2)
2
4α2α4
6= 0. Observe that if we take
x = − (α1−α2)y
2α2
, then x2−xy+λy2 = − (α1α2−α22−α1α4−α2α4)(α1−α2)y2
4α22α4
. So we have the following
two subcases.
(i) α1α2 −α22 − α1α4 − α2α4 6= 0. Then choosing x = − (α1−α2)y2α2 and an appropriate y 6= 0
we have α∗2 = 0 and α
∗
8 = 1. But since (α
∗
1 − α∗2)2 + 4λα∗2α∗4 = 0, we automatically get
α∗1 = 0. Thus, we obtain the family of representatives 〈α∇3 + β∇4 + γ∇5 +∇8〉.
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• If α 6= 0, then taking z = u = y = 0 and x = α we obtain the family 〈∇3 + α∇4 +
β∇5 + ∇8〉. Since λ 6= 0, then 〈∇3 + α∇4 + β∇5 + ∇8〉 splits into the subfamily
〈∇3 + α∇4 + β∇5 +∇8〉α6=0 of representatives of distinct orbits and the separate orbits
whose representatives are 〈∇5 +∇8〉 and
〈
1±√1−4λ
2
∇3 +∇5 +∇8
〉
.
• If α = 0 and β 6= 0, then taking z = u = y = 0 and x = √β we obtain the family
〈∇4+α∇5+∇8〉. Observe that Orb〈∇4+α∇5+∇8〉 = Orb〈∇4+α′∇5+∇8〉 if and
only if α = ±α′.
• If α = β = 0 and γ 6= 0, then taking z = u = y = 0 and x = γ we obtain the
representative 〈∇5 +∇8〉 found above.
• If α = β = γ = 0, then we obtain the representative 〈∇8〉.
(ii) α1α2 − α22 − α1α4 − α2α4 = 0. Observe that α1 6= −α2, since otherwise α1 =
α2 = 0. Then α4 =
α1α2−α22
α1+α2
, and substituting this into (α1 − α2)2 + 4λα2α4 we ob-
tain
((4λ−1)α22+α21)(α1−α2)
α1+α2
. Hence we must have (4λ − 1)α22 + α21 = 0. Observe that
λ 6= 1
4
, since otherwise α1 = 0. Then α1 = ±
√
1− 4λα2 and α4 = ±
√
1−4λ−1
±√1−4λ+1α2 =
− 1
λ
(
1∓√1−4λ
2
)2
α2. Hence, we obtain the following family of representatives
〈
±
√
1− 4λ∇1 +∇2 + α∇3 − 1
λ
(
1∓√1− 4λ
2
)2
∇4 + β∇5 +∇8
〉
.
• If β 6∈
{
1+
√
1−4λ
2λ
α, 1−
√
1−4λ
2λ
α
}
, then choosing x = − 2(α−β)
(±√1−4λ−1)β+2α and y =
2β
(±√1−4λ−1)β+2α we obtain 2 families representatives〈
±√1− 4λ∇1 +∇2 + α∇3 − 1
λ
(
1∓√1− 4λ
2
)2
∇4 +∇8
〉
α6=0
.
Observe that Orb
〈
±√1− 4λ∇1 +∇2 + α∇3 − 1λ
(
1∓√1−4λ
2
)2
∇4 +∇8
〉
= Orb
〈
±
√
1− 4λ∇1 +∇2 + α′∇3 − 1λ
(
1∓√1−4λ
2
)2
∇4 +∇8
〉
if and only if α = ±α′.
• If β ∈
{
1+
√
1−4λ
2λ
α, 1−
√
1−4λ
2λ
α
}
, then we obtain 6 representatives depending on whether
α = 0 or not. These are
〈√
1− 4λ∇1+∇2+∇3− 1λ
(
1−√1−4λ
2
)2
∇4+ 1±
√
1−4λ
2λ
∇5+∇8
〉
,〈
−√1− 4λ∇1+∇2+∇3− 1λ
(
1+
√
1−4λ
2
)2
∇4+ 1±
√
1−4λ
2λ
∇5+∇8
〉
and
〈
±√1− 4λ∇1+
∇2− 1λ
(
1∓√1−4λ
2
)2
∇4+∇8
〉
. The last two representatives will be joined with the family
above.
(b) α4 6= 0 and α1 − α2 = 0. Then (α1 − α2)2 + 4λα2α4 = 0 implies λ = 0. We have
α∗1 = α2x
2 α∗2 = α2x
2
α∗3 = α3(x− y)x2 α∗4 = α4(x− y)2
α∗5 = (α5x+ (α3 − α5)y)(x− y)x α∗8 = α8x2(x− y)2.
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(i) α3 6= 0 and α3 − α5 6= 0. Then choosing y = − α5xα3−α5 , we obtain x2 − xy = α3x
2
α3−α5 6= 0
and α∗5 = 0. If we take x =
√
α2(α3−α5)
α3
√
α8
, then we obtain the family of representatives
〈∇1 +∇2 + α∇3 + β∇4 +∇8〉α,β 6=0. Note that
Orb〈∇1 +∇2 + α∇3 + β∇4 +∇8〉 = Orb〈∇1 +∇2 + α′∇3 + β ′∇4 +∇8〉
if and only if (α′, β ′) = (±α, β).
(ii) α3 6= 0 and α3 − α5 = 0. Then α∗3 = α∗5, so taking x =
√
α4
α8
and y =
√
α4
α8
−
√
α2
α8
, we
obtain the family 〈∇1 +∇2 + α∇3 +∇4 + α∇5 +∇8〉α6=0, where
Orb〈∇1 +∇2 + α∇3 +∇4 + α∇5 +∇8〉 = Orb〈∇1 +∇2 + α′∇3 +∇4 + α′∇5 +∇8〉
if and only if α = ±α′.
(iii) α3 = 0. Then α
∗
3 = 0, so we obtain the family of representatives
〈∇1 +∇2 + α∇4 + β∇5 +∇8〉α6=0.
• If β 6= 0, then taking z = u = 0, x = β and y = β − 1 we obtain the family
〈∇1 +∇2 + α∇4 +∇5 +∇8〉α6=0 of representatives of distinct orbits.
• If β = 0, then we obtain the representative 〈∇1+∇2+∇4+∇8〉 which will be joined
with the family 〈∇1 +∇2 + α∇3 +∇4 + α∇5 +∇8〉α6=0.
(c) α4 = 0. Then (α1 − α2)2 + 4λα2α4 = 0 implies α1 − α2 = 0. Hence
α∗1 = α2x(x− 2λy) α∗2 = α2x2
α∗3 = (x
2 − xy + λy2)(α3x− λα5y) α∗4 = −λα2y2
α∗5 = (x
2 − xy + λy2)(α5x+ (α3 − α5)y) α∗8 = (x2 − xy + λy2)2α8.
We have the following subcases.
(i) If λ 6= 0, then choosing x = 0, we obtain a representative of the family 〈α∇3 + β∇4 +
γ∇5 +∇8〉 considered above.
(ii) If λ = 0, then α∗4 = 0 and
α∗1 = α2x
2 α∗2 = α2x
2 α∗3 = α3x
2(x− y)
α∗5 = (α5x+ (α3 − α5)y)x(x− y) α∗8 = α8x2(x− y)2.
So, we have the family 〈∇1 +∇2 + α∇3 + β∇5 +∇8〉.
• If α 6= 0 and α 6= β, then taking z = u = 0, x = β
α
− 1 and y = β
α
we obtain the family
〈∇1 + ∇2 + α∇3 + ∇8〉α6=0 which will be joined with the family 〈∇1 + ∇2 + α∇3 +
β∇4 +∇8〉α,β 6=0 found above.
• If α = β, then we obtain the family 〈∇1 +∇2 + α∇3 + α∇5 +∇8〉, where
Orb〈∇1 +∇2 + α∇3 + α∇5 +∇8〉 = Orb〈∇1 +∇2 + α′∇3 + α′∇5 +∇8〉
if and only if α = ±α′.
• If α = 0 and β 6= 0, then choosing x = β and y = β + 1 we obtain the representative
〈∇1+∇2+∇5+∇8〉which will be joined with the family 〈∇1+∇2+α∇4+∇5+∇8〉α6=0
found above.
(3) α1 6= 0 and α2 = 0. Then
α∗1 = α1x
2 − 2λα4xy + λ(−α1 + α4)y2 α∗2 = y(α1x− λα4y).
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Clearly, there are x, y such that α∗1 6= 0, α∗2 6= 0 and x2 − xy + λy2 6= 0, so we are in the case
considered above.
(4) α1 = 0 and α2 6= 0. Then
α∗1 = λ(α2 + α4)y(y − 2x) α∗2 = α2x2 − α2xy − λα4y2
α∗4 = α4x
2 − (α2 + 2α4)xy + ((1− λ)α2 + α4)y2.
(a) α2+α4 6= 0 and λ 6= 0. Then we can find x, y such that α∗1 6= 0, α∗2 6= 0 and x2−xy+λy2 6= 0,
and this case has been considered above.
(b) α2 + α4 6= 0 and λ = 0. Then α∗1 = 0 and
α∗2 = α2x(x− y) α∗4 = (α4x− (α2 + α4)y)(x− y)
α∗8 = α8(x− y)2x2.
Then choosing x =
√
α2+α4
α8
and y = α4
α2+α4
√
α2+α4
α8
we have the family 〈∇2 + α∇3 + β∇5 +
∇8〉. Moreover, for (α, β) 6= (α′, β ′) one has
Orb〈∇2 + α∇3 + β∇5 +∇8〉 = Orb〈∇2 + α′∇3 + β ′∇5 +∇8〉
if and only if (α, β) = (−α′,−β ′).
(c) α2 + α4 = 0. In this case α
∗
1 = 0 and
α∗2 = α2(x
2 − xy + λy2) α∗4 = −α2(x2 − xy + λy2).
Hence, we have the family of representatives 〈∇2 + α∇3 −∇4 + β∇5 +∇8〉.
• If λ 6= 0 and α 6= 1±
√
1−4λ
2
β, then choosing x = β
√
λ
α2−αβ+λβ2 and y =
α
λ
√
λ
α2−αβ+λβ2 we
obtain the family 〈∇2 −∇4 + α∇5 +∇8〉α6=0.Moreover, one has
Orb〈∇2 −∇4 + α∇5 +∇8〉 = Orb〈∇2 −∇4 + α′∇5 +∇8〉
if and only if α = ±α′.
• If λ 6∈ {0, 1
4
}, α = 1±
√
1−4λ
2
β and β 6= 0, then choosing x = αβ2−β3+α
β(2α−β) and y =
1−β2
2α−β we
obtain two representatives
〈
∇2 + 1±
√
1−4λ
2
∇3 −∇4 +∇5 +∇8
〉
.
• If λ 6∈ {0, 1
4
} and α = β = 0, then we obtain the representative 〈∇2 −∇4 +∇8〉 which will
be joined with the family 〈∇2 −∇4 + α∇5 +∇8〉α6=0.
• If λ = 1
4
and α = 1
2
β, then we obtain the family of representatives 〈∇2+α∇3−∇4+2α∇5+
∇8〉. Moreover, one has
Orb〈∇2 + α∇3 −∇4 + 2α∇5 +∇8〉 = Orb〈∇2 + α′∇3 −∇4 + 2α′∇5 +∇8〉
if and only if α = ±α′.
• If λ = 0 and α 6= 0, then choosing x = 1
α
and y = 1
α
− α we obtain the family 〈∇2 +∇3 −
∇4 + α∇5 +∇8〉 of representatives of distinct orbits.
• If λ = 0 and α = 0, then we obtain two representatives 〈∇2 − ∇4 +∇8〉 and 〈∇2 − ∇4 +
∇5 +∇8〉 depending on whether β = 0 or not.
(5) α1 = α2 = 0. Then
α∗1 = λα4y(y − 2x) α∗2 = −λα4y2 α∗4 = α4(x− y)2.
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(a) If α4 6= 0 and λ 6= 0, then we can find x, y such that α∗1 6= 0, α∗2 6= 0 and α∗8 6= 0, so we are in
one of the previous situations.
(b) α4 = 0 and α
2
3 − α3α5 + λα25 6= 0. Then choosing x = α3 − α5 and y = −α5, we obtain the
representative 〈∇3 +∇8〉.
• If λ = 0, then it will be joined with the family 〈∇3 + α∇4 +∇8〉α6=0 found below .
• If λ 6= 0, then 〈∇3 +∇8〉 has the same orbit as 〈∇5 +∇8〉 found above.
(c) α4 = 0 and α
2
3 − α3α5 + λα25 = 0.
• If λ 6= 0, then we have the representatives
〈
1±√1−4λ
2
∇3 +∇5 +∇8
〉
and 〈∇8〉 found above.
• If λ = 0, then either α3 = 0, or α3 = α5. So we have 3 representatives 〈∇3 + ∇5 + ∇8〉,
〈∇5 +∇8〉 and 〈∇8〉.
(d) α4 6= 0 and λ = 0.
• If α3 6= 0 and α3 6= α5, then choosing x = α3 − α5 and y = −α5, we obtain the family
〈∇3 + α∇4 +∇8〉α6=0 of representatives of distinct orbits.
• If α3 = α5 6= 0, then we have the representative 〈∇3 +∇4 +∇5 +∇8〉.
• If α3 = 0, then we obtain the family 〈∇4 + α∇5 + ∇8〉, where Orb〈∇4 + α∇5 + ∇8〉 =
Orb〈∇4 + α′∇5 +∇8〉 if and only if α = ±α′.
All the found orbits are pairwise distinct, except those whose equality is indicated explicitly in the table
below.
λ 6∈ {0, 1
4
}〈
±√1− 4λ∇1 +∇2 +∇3 − 1λ
(
1∓√1−4λ
2
)2∇4 + 1+
√
1−4λ
2λ
∇5 +∇8
〉
〈∇3 + α∇4 + β∇5 +∇8〉α6=0〈
±√1− 4λ∇1 +∇2 +∇3 − 1λ
(
1∓√1−4λ
2
)2∇4 + 1−
√
1−4λ
2λ
∇5 +∇8
〉 〈
1±√1−4λ
2
∇3 +∇5 +∇8
〉
〈
±√1− 4λ∇1 +∇2 + α∇3 − 1λ
(
1∓√1−4λ
2
)2∇4 +∇8
〉O(α)=O(−α) 〈∇4 + α∇5 +∇8〉O(α)=O(−α)
〈∇2 −∇4 + α∇5 +∇8〉O(α)=O(−α) 〈∇5 +∇8〉〈
∇2 + 1±
√
1−4λ
2
∇3 −∇4 +∇5 +∇8
〉
〈∇8〉
〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉, where
O(α, β, γ) = O(−α, β,−γ), O(α, β, γ) = O
(
(γ − αβ)
√
−λ
1−β+λβ2 ,
1
λ
− β, (γ
λ
− α
λ
− βγ)
√
−λ
1−β+λβ2
)
if β 6= 1±
√
1−4λ
2λ
λ = 0
〈∇1 +∇2 + α∇3 +∇4 + α∇5 +∇8〉O(α)=O(−α) 〈∇2 −∇4 +∇8〉
〈∇1 +∇2 + α∇3 + β∇4 +∇8〉O(α,β)=O(−α,β)α6=0 〈∇3 +∇4 +∇5 +∇8〉
〈∇1 +∇2 + α∇3 + α∇5 +∇8〉O(α)=O(−α) 〈∇3 + α∇4 +∇8〉
〈∇1 +∇2 + α∇4 +∇5 +∇8〉 〈∇3 +∇5 +∇8〉
〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉O(α,β,γ)=O(−α,β,−γ) 〈∇4 + α∇5 +∇8〉O(α)=O(−α)
〈∇2 +∇3 −∇4 + α∇5 +∇8〉 〈∇5 +∇8〉
〈∇2 + α∇3 + β∇5 +∇8〉O(α,β)=O(−α,−β) 〈∇8〉
〈∇2 −∇4 +∇5 +∇8〉
λ = 1
4
〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉, where O(α, β, γ) = O
(
± i(γ−αβ)
β−2 , 4− β,±
i(4γ−4α−βγ)
β−2
)
, if β 6= 2, O(α, β, γ) = O(−α, β,−γ)
〈∇2 + α∇3 −∇4 + 2α∇5 +∇8〉O(α)=O(−α)α6=0 〈∇4 + α∇5 +∇8〉O(α)=O(−α)
〈∇2 −∇4 + α∇5 +∇8〉O(α)=O(−α) 〈∇5 +∇8〉
〈∇3 + α∇4 + β∇5 +∇8〉α6=0 〈∇8〉
〈 1
2
∇3 +∇5 +∇8〉
Denote Θ = 1+
√
1−4λ
2
.
〈
(2Θ− 1)∇1 +∇2 +∇3 − (1−Θ)2λ−1∇4 +Θλ−1∇5 +∇8
〉
λ 6∈{0, 1
4
}
〈∇2 +∇3 −∇4 + α∇5 +∇8〉λ=0,α6=1〈
(1 − 2Θ)∇1 +∇2 +∇3 −Θ2λ−1∇4 +Θλ−1∇5 +∇8
〉
λ 6∈{0, 1
4
}
〈∇2 + α∇3 −∇4 + 2α∇5 +∇8〉O(α)=O(−α)
λ= 1
4
,α6∈{0, 1
2
}
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〈
(2Θ− 1)∇1 +∇2 +∇3 − (1−Θ)2λ−1∇4 + (1−Θ)λ−1∇5 +∇8
〉
λ 6∈{0, 1
4
}
〈∇2 + α∇3 + β∇5 +∇8〉O(α,β)=O(−α,−β)λ=0〈
(1 − 2Θ)∇1 +∇2 +∇3 −Θ2λ−1∇4 + (1−Θ)λ−1∇5 +∇8
〉
λ 6∈{0, 1
4
}
〈∇2 −∇4 + α∇5 +∇8〉λ 6=0
〈
(2Θ− 1)∇1 +∇2 + α∇3 − (1−Θ)2λ−1∇4 +∇8
〉O(α)=O(−α)
λ 6∈{0, 1
4
}
〈∇2 −∇4 +∇8〉λ=0
〈
(1 − 2Θ)∇1 +∇2 + α∇3 −Θ2λ−1∇4 +∇8
〉O(α)=O(−α)
λ 6∈{0, 1
4
}
〈∇3 +∇4 +∇5 +∇8〉λ=0
〈∇1 +∇2 + α∇3 +∇4 + α∇5 +∇8〉O(α)=O(−α)λ=0 〈∇3 + α∇4 + β∇5 +∇8〉λ 6=0,α6=0
〈∇1 +∇2 + α∇3 + β∇4 +∇8〉O(α,β)=O(−α,β)λ=0,α6=0 〈∇3 + α∇4 +∇8〉λ=0
〈∇1 +∇2 + α∇3 + α∇5 +∇8〉O(α)=O(−α)λ=0
〈
Θ∇3 +∇5 +∇8
〉
〈∇1 +∇2 + α∇4 +∇5 +∇8〉λ=0
〈
(1−Θ)∇3 +∇5 +∇8
〉
λ 6∈{0, 1
4
}〈
∇2 +Θ∇3 −∇4 +∇5 +∇8
〉
〈∇4 + α∇5 +∇8〉O(α)=O(−α)〈
∇2 + (1−Θ)∇3 −∇4 +∇5 +∇8
〉
λ 6= 1
4
〈∇5 +∇8〉 〈∇8〉
〈∇1 + α∇3 + β∇4 + γ∇5 +∇8〉, where O(α, β, γ) = O(−α, β,−γ) and if λ 6= 0 and β 6= 1±
√
1−4λ
2λ
O(α, β, γ) = O
(
±(γ − αβ)
√
−λ
1−β+λβ2 ,
1
λ
− β,±(γ
λ
− α
λ
− βγ)
√
−λ
1−β+λβ2
)
CD
4
87(λ) : e1e1 = λe3 + (2Θ− 1)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − (1 −Θ)2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = Θλ−1e4 e3e3 = e4
CD
4
88(λ) : e1e1 = λe3 + (1− 2Θ)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 −Θ2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = Θλ−1e4 e3e3 = e4
CD
4
89(λ) : e1e1 = λe3 + (2Θ− 1)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − (1 −Θ)2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = (1 −Θ)λ−1e4 e3e3 = e4
CD
4
90(λ) : e1e1 = λe3 + (1− 2Θ)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 −Θ2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = (1 −Θ)λ−1e4 e3e3 = e4
CD
4
91(λ, α) : e1e1 = λe3 + (2Θ− 1)e4 e1e2 = e4 e1e3 = αe4
λ 6= 0, 1
4
e2e1 = e3 − (1−Θ)2λ−1e4 e2e2 = e3 e3e3 = e4
CD
4
92(λ, α) : e1e1 = λe3 + (1− 2Θ)e4 e1e2 = e4 e1e3 = αe4
λ 6= 0, 1
4
e2e1 = e3 −Θ2λ−1e4 e2e2 = e3 e3e3 = e4
CD
4
93(α) : e1e1 = e4 e1e2 = e4 e1e3 = αe4 e2e1 = e3 + e4
e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
94(α, β) : e1e1 = e4 e1e2 = e4 e1e3 = αe4
α 6= 0 e2e1 = e3 + βe4 e2e2 = e3 e3e3 = e4
CD
4
95(α) : e1e1 = e4 e1e2 = e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
96(α) : e1e1 = e4 e1e2 = e4 e2e1 = e3 + αe4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
97(λ) : e1e1 = λe3 e1e2 = e4 e1e3 = Θe4 e2e1 = e3 − e4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
98(λ) : e1e1 = λe3 e1e2 = e4 e1e3 = (1 −Θ)e4 e2e1 = e3 − e4
λ 6= 1
4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
99(α) : e1e2 = e4 e1e3 = e4 e2e1 = e3 − e4
α 6= 1 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
100(α) : e1e1 =
1
4
e3 e1e2 = e4 e1e3 = αe4 e2e1 = e3 − e4
α /∈ {0, 1
2
} e2e2 = e3 e2e3 = 2αe4 e3e3 = e4
CD
4
101(α, β) : e1e2 = e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = βe4 e3e3 = e4
CD
4
102(λ, α) : e1e1 = λe3 e1e2 = e4 e2e1 = e3 − e4
λ 6= 0 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
103 : e1e2 = e4 e2e1 = e3 − e4 e2e2 = e3 e3e3 = e4
CD
4
104 : e1e3 = e4 e2e1 = e3 + e4 e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
105(λ, α, β) : e1e1 = λe3 e1e3 = e4 e2e1 = e3 + αe4
λ 6= 0, α 6= 0 e2e2 = e3 e2e3 = βe4 e3e3 = e4
CD
4
106(α) : e1e3 = e4 e2e1 = e3 + αe4 e2e2 = e3 e3e3 = e4
CD
4
107(λ) : e1e1 = λe3 e1e3 = Θe4 e2e1 = e3
e2e2 = e3 e2e3 = e4 e3e3 = e4
33
CD
4
108(λ) : e1e1 = λe3 e1e3 = (1 −Θ)e4 e2e1 = e3
λ 6∈ {0, 1
4
} e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
109(λ, α) : e1e1 = λe3 e2e1 = e3 + e4 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
110(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
111(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3 e3e3 = e4
CD
4
112(λ, α, β, γ) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3 + βe4
e2e2 = e3 e2e3 = γe4 e3e3 = e4
All these algebras are non-isomorphic, except
CD
4
91(λ, α)
∼= CD491(λ,−α) CD492(λ, α) ∼= CD492(λ,−α) CD493(α) ∼= CD493(−α)
CD
4
94(α, β)
∼= CD494(−α, β) CD495(α) ∼= CD495(−α) CD4100(α) ∼= CD4100(−α)
CD
4
101(α, β)
∼= CD4101(−α,−β) CD4109(λ, α) ∼= CD4109(λ,−α) CD4112(λ, α, β, γ) ∼= CD4112(λ,−α, β,−γ)
CD
4
112(λ, α, β, γ)
∼= CD4112
(
λ, (γ − αβ)
√
−λ
1−β+λβ2 ,
1
λ
− β, (γ
λ
− α
λ
− βγ)
√
−λ
1−β+λβ2
)
, if λ 6= 0, β 6= 1±
√
1−4λ
2λ
3. CLASSIFICATION THEOREM
Theorem 5. Let CD be a complex 4-dimensional nilpotent CD-algebra. Then CD is isomorphic to an
algebra from the following list:
CD
4∗
01 : e1e1 = e2
CD
4∗
02 : e1e1 = e3 e2e2 = e3
CD
4∗
03 : e1e2 = e3 e2e1 = −e3
CD
4∗
04(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3
CD
4∗
05 : e1e1 = e3 e2e2 = e4
CD
4∗
06 : e1e2 = e4 e3e1 = e4
CD
4∗
07 : e1e2 = e3 e2e1 = e4 e2e2 = −e3
CD
4∗
08(α) : e1e1 = e3 e1e2 = e4 e2e1 = −αe3 e2e2 = −e4
CD
4∗
09(α) : e1e1 = e4 e1e2 = αe4 e2e1 = −αe4 e2e2 = e4 e3e3 = e4
CD
4∗
10 : e1e2 = e4 e1e3 = e4 e2e1 = −e4 e2e2 = e4 e3e1 = e4
CD
4∗
11 : e1e1 = e4 e1e2 = e4 e2e1 = −e4 e3e3 = e4
CD
4∗
12 : e1e2 = e3 e2e1 = e4
CD
4∗
13 : e1e1 = e4 e1e2 = e3 e2e1 = −e3 e2e2 = 2e3 + e4
CD
4∗
14(α) : e1e2 = e4 e2e1 = αe4 e2e2 = e3
CD
4∗
15 : e1e2 = e4 e2e1 = −e4 e3e3 = e4
D400 : e1e1 = e4 e1e2 = e4 e2e1 = e3 e2e2 = e3 e2e3 = e4
D
4
01(λ, α, β) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = βe4 e3e1 = e4
D402(λ, α, β) : e1e1 = λe3 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = βe4 e3e1 = e4
D403(λ, α) : e1e1 = λe3 e1e2 = e4 e2e1 = e3
e2e2 = e3 e2e3 = αe4 e3e1 = e4
D
4
04(λ, α) : e1e1 = λe3 e2e1 = e3 e2e2 = e3
e2e3 = αe4 e3e1 = e4
D405(λ, α) : e1e1 = λe3 e1e2 = λe4 e2e1 = e3 + λαe4
e2e2 = e3 e2e3 = Θe4 e3e1 = λe4
D406(λ, α) : e1e1 = λe3 e1e2 = e4 e2e1 = e3 + αe4
e2e2 = e3 e2e3 = Θ−1e4 e3e1 = e4
D
4
07(λ) : e1e1 = λe3 e2e1 = e3 + λe4 e2e2 = e3 e2e3 = Θe4 e3e1 = λe4
D408(λ) : e1e1 = λe3 e2e1 = e3 + e4 e2e2 = e3 e2e3 = Θ
−1e4 e3e1 = e4
D409(λ, α) : e1e1 = λe3 e1e2 = e4 e1e3 = αe4
e2e1 = e3 e2e2 = e3 e3e1 = e4
D
4
10(λ, α) : e1e1 = λe3 e1e3 = αe4 e2e1 = e3 e2e2 = e3 e3e1 = e4
D411(λ, α) : e1e1 = λe3 + e4 e1e2 = αe4 e1e3 = −e4
e2e1 = e3 e2e2 = e3 e3e1 = e4
D
4
12(λ, α) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e3e1 = Θe4 e3e2 = e4
D
4
13(λ, α) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3
34
e2e2 = e3 e3e1 = (1 −Θ)e4 e3e2 = e4
D414(λ, α) : e1e1 = λe3 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e3e1 = Θe4 e3e2 = e4
D415(λ, α) : e1e1 = λe3 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e3e1 = (1 −Θ)e4 e3e2 = e4
D
4
16(α) : e1e3 = αe4 e2e1 = e3 + e4 e2e2 = e3 e3e1 = e4 e3e2 = e4
D417(α) : e1e1 = e4 e1e3 = −e4 e2e1 = e3 + αe4
e2e2 = e3 e3e1 = e4 e3e2 = e4
D418(λ, α) : e1e1 = λe3 + e4 e1e3 = Θαe4 e2e1 = e3 e2e2 = e3
e2e3 = αe4 e3e1 = Θe4 e3e2 = e4
D
4
19(λ, α) : e1e1 = λe3 + e4 e1e3 = (1 −Θ)αe4 e2e1 = e3 e2e2 = e3
e2e3 = αe4 e3e1 = (1 −Θ)e4 e3e2 = e4
D420(λ, α) : e1e1 = λe3 e1e3 = Θαe4 e2e1 = e3 e2e2 = e3
e2e3 = αe4 e3e1 = Θe4 e3e2 = e4
D
4
21(λ, α) : e1e1 = λe3 e1e3 = (1 −Θ)αe4 e2e1 = e3 e2e2 = e3
e2e3 = αe4 e3e1 = (1 −Θ)e4 e3e2 = e4
D
4
22(λ) : e1e1 = λe3 + (1− 2λ)e4 e1e2 = e4 e1e3 = (Θ− 1)e4 e2e1 = e3
e2e2 = e3 e2e3 = (1 −Θ−1)e4 e3e1 = Θe4 e3e2 = e4
D423(λ) : e1e1 = λe3 + λ(1− 2λ)e4 e1e2 = λe4 e1e3 = −λΘe4 e2e1 = e3
e2e2 = e3 e2e3 = −Θ2e4 e3e1 = λ(1 −Θ)e4 e3e2 = λe4
D
4
24(λ) : e1e1 = λe3 +Θe4 e1e2 = e4 e1e3 = (Θ− 1)e4 e2e1 = e3
e2e2 = e3 e2e3 = (1 −Θ−1)e4 e3e1 = Θe4 e3e2 = e4
D425(λ) : e1e1 = λe3 + λ(1−Θ)e4 e1e2 = λe4 e1e3 = −λΘe4 e2e1 = e3
e2e2 = e3 e2e3 = −Θ2e4 e3e1 = λ(1 −Θ)e4 e3e2 = λe4
D426(λ) : e1e1 = λe3 +Θe4 e1e2 = e4 e1e3 = −Θe4 e2e1 = e3
e2e2 = e3 e2e3 = −e4 e3e1 = Θe4 e3e2 = e4
D
4
27(λ) : e1e1 = λe3 + (1−Θ)e4 e1e2 = e4 e1e3 = (Θ− 1)e4 e2e1 = e3
e2e2 = e3 e2e3 = −e4 e3e1 = (1 −Θ)e4 e3e2 = e4
D428(λ) : e1e1 = λe3 + (1−Θ)e4 e1e2 = e4 e1e3 = −Θe4 e2e1 = e3
e2e2 = e3 e2e3 = −e4 e3e1 = Θe4 e3e2 = e4
D429(λ) : e1e1 = λe3 +Θe4 e1e2 = e4 e1e3 = (Θ− 1)e4 e2e1 = e3
e2e2 = e3 e2e3 = −e4 e3e1 = (1 −Θ)e4 e3e2 = e4
D
4
30(λ) : e1e1 = λe3 + e4 e1e3 = (Θ− 1)e4 e2e1 = e3 e2e2 = e3
e2e3 = −e4 e3e1 = Θe4 e3e2 = e4
D
4
31(λ) : e1e1 = λe3 + e4 e1e3 = −Θe4 e2e1 = e3 e2e2 = e3
e2e3 = −e4 e3e1 = (1 −Θ)e4 e3e2 = e4
D432(λ) : e1e1 = λe3 e1e3 = (Θ− 1)e4 e2e1 = e3 e2e2 = e3
e2e3 = −e4 e3e1 = Θe4 e3e2 = e4
D
4
33(λ) : e1e1 = λe3 e1e3 = −Θe4 e2e1 = e3 e2e2 = e3
e2e3 = −e4 e3e1 = (1 −Θ)e4 e3e2 = e4
D434 : e1e1 = e4 e2e1 = e3 + e4 e2e2 = e3 e3e1 = e4 e3e2 = e4
D435(λ) : e1e1 = λe3 e1e3 = e4 e2e1 = e3 + e4 e2e2 = e3
D
4
36(λ) : e1e1 = λe3 e1e3 = e4 e2e1 = e3 e2e2 = e3
D437(λ) : e1e1 = λe3 + e4 e1e3 = Θe4 e2e1 = e3 e2e2 = e3 e2e3 = e4
D438(λ) : e1e1 = λe3 + e4 e1e3 = (1 −Θ)e4 e2e1 = e3 e2e2 = e3 e2e3 = e4
D
4
39(λ) : e1e1 = λe3 e1e3 = Θe4 e2e1 = e3 e2e2 = e3 e2e3 = e4
D440(λ) : e1e1 = λe3 e1e3 = (1 −Θ)e4 e2e1 = e3 e2e2 = e3 e2e3 = e4
CD
4
01 : e1e1 = e2 e2e2 = e3
CD
4
02 : e1e1 = e2 e2e1 = e3 e2e2 = e3
CD
4
03 : e1e1 = e2 e2e1 = e3
CD
4
04(λ) : e1e1 = e2 e1e2 = e3 e2e1 = λe3
CD
4
05 : e1e1 = e2 e2e1 = e4 e2e2 = e3
CD
4
06 : e1e1 = e2 e1e2 = e4 e2e1 = e3
CD
4
07(λ) : e1e1 = e2 e1e2 = e4 e2e1 = λe4 e2e2 = e3
CD
4
08(α) : e1e1 = e2 e1e3 = e4 e2e1 = e3 e2e2 = αe4 e3e1 = −2e4
CD
4
09 : e1e1 = e2 e1e2 = e4 e1e3 = e4
e2e1 = e3 e2e2 = −e4 e3e1 = −2e4
CD
4
10(α) : e1e1 = e2 e1e2 = e3 e1e3 = −e4
e2e1 = e3 + e4 e2e2 = αe4 e3e1 = −e4
CD
4
11(λ) : e1e1 = e2 e1e2 = e3 e1e3 = (λ − 2)e4
35
λ 6= 1 e2e1 = λe3 + e4 e2e2 = −(λ+ 1)2e4 e3e1 = (1 − 2λ)e4
CD
4
12(α, λ) : e1e1 = e2 e1e2 = e3 e1e3 = (λ − 2)e4
e2e1 = λe3 e2e2 = αe4 e3e1 = (1 − 2λ)e4
CD
4
13(α) : e1e1 = e2 e1e2 = e4 e1e3 = e4 e2e1 = e4
α 6= 1
2
e2e3 = αe4 e3e1 = e4 e3e2 = (α + 1)e4
CD
4
14(α, β) : e1e1 = e2 e1e2 = e4 e1e3 = αe4 e2e1 = e4
e2e2 = e4 e3e1 = αe4 e3e2 = e4 e3e3 = βe4
CD
4
15(α) : e1e1 = e2 e1e2 = αe4 e1e3 = e4 e2e1 = (α+ 1)e4 e3e1 = e4
CD
4
16 : e1e1 = e2 e1e2 = e4 e2e1 = e4
e2e3 = − 12e4 e3e2 = 12 e4 e3e3 = e4
CD
4
17(α) : e1e1 = e2 e1e2 = e4 e2e1 = e4 e2e3 = αe4 e3e2 = (α+ 1)e4
CD
4
18(α) : e1e1 = e2 e1e2 = αe4 e2e1 = (α + 1)e4 e3e3 = e4
CD
4
19 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4 e3e3 = e4
CD
4
20 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e1 = e4
CD
4
21(α) : e1e1 = e2 e1e3 = αe4 e2e1 = e4 e2e2 = e4
e2e3 = e4 e3e1 = αe4 e3e2 = e4 e3e3 = e4
CD
4
22 : e1e1 = e2 e1e3 = e4 e2e3 = − 12 e4
e3e1 = e4 e3e2 =
1
2
e4 e3e3 = e4
CD
4
23(α) : e1e1 = e2 e1e3 = e4 e2e3 = αe4 e3e1 = e4 e3e2 = (α+ 1)e4
CD
4
24(α) : e1e1 = e2 e1e3 = e4 e2e2 = e4
e3e1 = e4 e3e2 = e4 e3e3 = αe4
CD
4
25 : e1e1 = e2 e1e3 = e4 e2e1 = e4 e3e1 = e4 e2e2 = e4
CD
4
26(α) : e1e1 = e2 e1e3 = αe4 e2e2 = e4 e3e1 = (α+ 1)e4
CD
4
27 : e1e1 = e2 e2e1 = e4 e2e3 = e4 e3e2 = e4 e3e3 = e4
CD
4
28(α) : e1e1 = e2 e2e1 = e4 e2e2 = e4
α 6= 1 e2e3 = e4 e3e2 = e4 e3e3 = αe4
CD
4
29 : e1e1 = e2 e2e3 = − 12 e4 e3e2 = 12 e4 e3e3 = e4
CD
4
30 : e1e1 = e2 e2e1 = e4 e2e3 = e4 e3e2 = e4
CD
4
31 : e1e1 = e2 e2e3 = e4 e3e1 = e4 e3e2 = e4
CD
4
32(α) : e1e1 = e2 e2e3 = αe4 e3e2 = (α + 1)e4
CD
4
33 : e1e1 = e2 e2e1 = e4 e2e2 = e4 e3e3 = e4
CD
4
34 : e1e1 = e2 e2e2 = e4 e3e3 = e4
CD
4
35 : e1e1 = e2 e2e2 = e4 e3e1 = e4 e3e3 = e4
CD
4
36(α) : e1e1 = e2 e2e2 = e4 e3e2 = e4 e3e3 = αe4
CD
4
37 : e1e1 = e2 e1e2 = e4 e2e1 = e4 e3e3 = e4
CD
4
38 : e1e1 = e2 e2e3 = e4 e3e2 = e4
CD
4
39 : e1e1 = e3 + e4 e1e2 =
i
2
e4 e1e3 = e4 e2e1 =
i
2
e4
e2e2 = e3 e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
40 : e1e1 = e3 + e4 e1e2 =
i
2
e4 e1e3 = − 12 e4 e2e1 = i2e4
e2e2 = e3 e2e3 = − i2 e4 e3e1 = 12 e4 e3e2 = i2e4
CD
4
41 : e1e1 = e3 + e4 e1e2 = − i2 e4 e1e3 = e4 e2e1 = − i2e4
e2e2 = e3 e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
42 : e1e1 = e3 + e4 e1e2 = − i2 e4 e1e3 = − 12 e4 e2e1 = − i2e4
e2e2 = e3 e2e3 = − i2 e4 e3e1 = 12 e4 e3e2 = i2e4
CD
4
43(α) : e1e1 = e3 + e4 e1e2 = αe4 e1e3 = − 12 e4
e2e1 = αe4 e2e2 = e3 e3e1 =
1
2
e4
CD
4
44(α, β, γ) : e1e1 = e3 + αe4 e1e2 = βe4 e2e1 = (β + γ)e4
e2e2 = e3 e3e1 = e4 e3e3 = e4
CD
4
45 : e1e1 = e3 + 2ie4 e1e2 = e4 e2e1 = e4 e2e2 = e3
e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
46(α) : e1e1 = e3 − 2iαe4 e1e2 = αe4 e2e1 = αe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
47(α, β) : e1e1 = e3 + e4 e1e3 = αe4 e2e2 = e3
β 6= 0 e2e3 = βe4 e3e1 = (α + 1)e4 e3e2 = βe4
CD
4
48(α) : e1e1 = e3 + αe4 e2e1 = iαe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
49(α) : e1e1 = e3 + αe4 e2e1 = −iαe4 e2e2 = e3
α 6= 0 e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
50(α) : e1e1 = e3 + αe4 e2e1 = e4 e2e2 = e3 e3e3 = e4
CD
4
51(α) : e1e1 = e3 + αe4 e2e2 = e3 e3e1 = e4
36
e3e2 = ie4 e3e3 = e4
CD
4
52 : e1e1 = e3 + e4 e2e2 = e3 e3e3 = e4
CD
4
53 : e1e1 = e3 e1e2 = − 12 e4 e1e3 = e4 e2e1 = 12e4
e2e2 = e3 e2e3 = ie4 e3e1 = e4 e3e2 = ie4
CD
4
54(α) : e1e1 = e3 e1e2 = e4 e1e3 = αe4 e2e1 = e4
e2e2 = e3 e2e3 = −i(α + 1)e4 e3e1 = (α + 1)e4 e3e2 = −iαe4
CD
4
55(α) : e1e1 = e3 e1e2 = e4 e1e3 = αe4
e2e1 = e4 e2e2 = e3 e3e1 = (α + 1)e4
CD
4
56 : e1e1 = e3 e1e2 = e4 e2e1 = −e4 e2e2 = e3
e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
57(α, β) : e1e1 = e3 e1e2 = αe4 e2e1 = (α + β)e4 e2e2 = e3
β 6∈ {0,−2α} e3e1 = e4 e3e2 = ie4 e3e3 = e4
CD
4
58 : e1e1 = e3 e1e3 = e4 e2e1 = e4 e2e2 = e3
e2e3 = ie4 e3e1 = e4 e3e2 = ie4
CD
4
59(α, β) : e1e1 = e3 e1e3 = αe4 e2e2 = e3
β 6= 0 e2e3 = βe4 e3e1 = (α + 1)e4 e3e2 = βe4
CD
4
60 : e1e1 = e3 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = (i+ 1)e4 e3e2 = (i + 1)e4
CD
4
61(α) : e1e1 = e3 e1e3 = −iαe4 e2e2 = e3
e2e3 = αe4 e3e1 = (1 − iα)e4 e3e2 = (α + i)e4
CD
4
62 : e1e1 = e3 e1e3 = e4 e2e2 = e3
e2e3 = −2ie4 e3e1 = 2e4 e3e2 = −ie4
CD
4
63 : e1e1 = e3 e1e3 = − 12 e4 e2e2 = e3
e2e3 = − i2e4 e3e1 = 12 e4 e3e2 = i2 e4
CD
4
64(α) : e1e1 = e3 e1e3 = αe4 e2e2 = e3 e3e1 = (α+ 1)e4
CD
4
65(α) : e1e1 = e3 e1e3 = αe4 e2e2 = e3
α 6= 0 e3e1 = (α+ 1)e4 e3e2 = ie4
CD
4
66 : e1e1 = e3 e2e1 = e4 e2e2 = e3
e2e3 = e4 e3e2 = e4
CD
4
67 : e1e1 = e3 e2e2 = e3 e3e3 = e4
CD
4
68 : e1e1 = e3 + e4 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = ie4 e3e2 = e4
CD
4
69 : e1e1 = e3 e1e3 = ie4 e2e2 = e3
e2e3 = e4 e3e1 = ie4 e3e2 = e4
CD
4
70 : e1e1 = e3 e1e3 = e4 e2e2 = e3 e3e1 = e4
CD
4
71 : e1e1 = e4 e1e2 = e3 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
CD
4
72 : e1e1 = e4 e1e2 = e3 e1e3 = e4
e2e1 = −e3 e2e2 = e4 e3e1 = −e4
CD
4
73 : e1e2 = e3 + e4 e1e3 = e4 e2e1 = −e3 e3e1 = −e4
CD
4
74(α) : e1e2 = e3 e1e3 = (α + 1)e4 e2e1 = −e3 e3e1 = −αe4
CD
4
75(α) : e1e2 = e3 e1e3 = (α + 1)e4 e2e1 = −e3 e2e2 = e4 e3e1 = −αe4
CD
4
76 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e1 = −e4
CD
4
77 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e3 = e4 e3e2 = −e4
CD
4
78 : e1e2 = e3 e1e3 = e4 e2e1 = −e3
e2e2 = e4 e2e3 = e4 e3e2 = −e4
CD
4
79(α) : e1e2 = e3 + αe4 e1e3 = e4 e2e1 = −e3 e2e3 = e4 e3e3 = e4
CD
4
80 : e1e2 = e3 + e4 e1e3 = e4 e2e1 = −e3 e3e3 = e4
CD
4
81 : e1e2 = e3 + e4 e2e1 = −e3 e3e3 = e4
CD
4
82 : e1e2 = e3 e1e3 = e4 e2e1 = −e3 e2e2 = e4 e3e3 = e4
CD
4
83(α 6= 0) : e1e2 = e3 e2e1 = −e3 e2e2 = αe4 e2e3 = e4 e3e3 = e4
CD
4
84 : e1e2 = e3 e2e1 = −e3 e2e2 = e4 e3e3 = e4
CD
4
85 : e1e2 = e3 e2e1 = −e3 e3e3 = e4
CD
4
86 : e1e2 = e3 e2e1 = −e3 e2e3 = e4 e3e2 = −e4
CD
4
87(λ) : e1e1 = λe3 + (2Θ− 1)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − (1−Θ)2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = Θλ−1e4 e3e3 = e4
CD
4
88(λ) : e1e1 = λe3 + (1− 2Θ)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 −Θ2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = Θλ−1e4 e3e3 = e4
CD
4
89(λ) : e1e1 = λe3 + (2Θ− 1)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 − (1−Θ)2λ−1e4
λ 6= 0, 1
4
e2e2 = e3 e2e3 = (1 −Θ)λ−1e4 e3e3 = e4
CD
4
90(λ) : e1e1 = λe3 + (1− 2Θ)e4 e1e2 = e4 e1e3 = e4 e2e1 = e3 −Θ2λ−1e4
37
λ 6= 0, 1
4
e2e2 = e3 e2e3 = (1 −Θ)λ−1e4 e3e3 = e4
CD
4
91(λ, α) : e1e1 = λe3 + (2Θ− 1)e4 e1e2 = e4 e1e3 = αe4
λ 6= 0, 1
4
e2e1 = e3 − (1−Θ)2λ−1e4 e2e2 = e3 e3e3 = e4
CD
4
92(λ, α) : e1e1 = λe3 + (1− 2Θ)e4 e1e2 = e4 e1e3 = αe4
λ 6= 0, 1
4
e2e1 = e3 −Θ2λ−1e4 e2e2 = e3 e3e3 = e4
CD
4
93(α) : e1e1 = e4 e1e2 = e4 e1e3 = αe4 e2e1 = e3 + e4
e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
94(α, β) : e1e1 = e4 e1e2 = e4 e1e3 = αe4
α 6= 0 e2e1 = e3 + βe4 e2e2 = e3 e3e3 = e4
CD
4
95(α) : e1e1 = e4 e1e2 = e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
96(α) : e1e1 = e4 e1e2 = e4 e2e1 = e3 + αe4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
97(λ) : e1e1 = λe3 e1e2 = e4 e1e3 = Θe4 e2e1 = e3 − e4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
98(λ) : e1e1 = λe3 e1e2 = e4 e1e3 = (1 −Θ)e4 e2e1 = e3 − e4
λ 6= 1
4
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
99(α) : e1e2 = e4 e1e3 = e4 e2e1 = e3 − e4
α 6= 1 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
100(α) : e1e1 =
1
4
e3 e1e2 = e4 e1e3 = αe4 e2e1 = e3 − e4
α /∈ {0, 1
2
} e2e2 = e3 e2e3 = 2αe4 e3e3 = e4
CD
4
101(α, β) : e1e2 = e4 e1e3 = αe4 e2e1 = e3
e2e2 = e3 e2e3 = βe4 e3e3 = e4
CD
4
102(λ, α) : e1e1 = λe3 e1e2 = e4 e2e1 = e3 − e4
λ 6= 0 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
103 : e1e2 = e4 e2e1 = e3 − e4 e2e2 = e3 e3e3 = e4
CD
4
104 : e1e3 = e4 e2e1 = e3 + e4 e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
105(λ, α, β) : e1e1 = λe3 e1e3 = e4 e2e1 = e3 + αe4
λ 6= 0, α 6= 0 e2e2 = e3 e2e3 = βe4 e3e3 = e4
CD
4
106(α) : e1e3 = e4 e2e1 = e3 + αe4 e2e2 = e3 e3e3 = e4
CD
4
107(λ) : e1e1 = λe3 e1e3 = Θe4 e2e1 = e3
e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
108(λ) : e1e1 = λe3 e1e3 = (1 −Θ)e4 e2e1 = e3
λ 6∈ {0, 1
4
} e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
109(λ, α) : e1e1 = λe3 e2e1 = e3 + e4 e2e2 = e3 e2e3 = αe4 e3e3 = e4
CD
4
110(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3 e2e3 = e4 e3e3 = e4
CD
4
111(λ) : e1e1 = λe3 e2e1 = e3 e2e2 = e3 e3e3 = e4
CD
4
112(λ, α, β, γ) : e1e1 = λe3 + e4 e1e3 = αe4 e2e1 = e3 + βe4
e2e2 = e3 e2e3 = γe4 e3e3 = e4
All these algebras are non-isomorphic, except
D401(λ, 0, β)
∼= D402(λ, 0, β) ∼= D404(λ, β), D401(λ, α, 0)α6=−1 ∼= D402(λ, α, 0) ∼= D410(λ, α), D401(λ,−1, 0) ∼= D411(λ, 0),
D403(λ, 0)
∼= D409(λ, 0), D403
(
λ, (1 −Θ)−1)
λ 6=0
∼= D405(λ, 0)λ 6=0,D403
(
λ,Θ−1
) ∼= D406(λ, 0), D404(λ, 0) ∼= D410(λ, 0),
D
4
05(1/4, α)
∼= D406(1/4, α), D407(1/4) ∼= D408(1/4),
D
4
05(0, α)
∼= D407(0) ∼= D423(0) ∼= D425(0) ∼= D440(0),
D
4
12(λ, 0)
∼= D418(λ, 0), D412(1/4, α) ∼= D413(1/4, α), D412(0, α)α6=−1 ∼= D414(0, α), D412(0,−1) ∼= D417(0),
D
4
13(λ, 0)
∼= D419(λ, 0), D414(λ, 0) ∼= D420(λ, 0), D414(1/4, α) ∼= D415(1/4, α), D415(λ, 0) ∼= D421(λ, 0),
D
4
18(1/4, α)
∼= D419(1/4, α), D418(0, 0) ∼= D422(0) ∼= D424(0), D418(1/4,−1) ∼= D419(1/4,−1) ∼= D430(1/4) ∼= D431(1/4),
D
4
20(1/4, α)
∼= D421(1/4, α), D420(1/4,−1) ∼= D421(1/4,−1) ∼= D432(1/4) ∼= D433(1/4),
D
4
22(1/4)
∼= D423(1/4) ∼= D424(1/4) ∼= D425(1/4) ∼= D426(1/4) ∼= D427(1/4) ∼= D428(1/4) ∼= D429(1/4),
D
4
37(1/4)
∼= D438(1/4), D439(1/4) ∼= D440(1/4).
CD
4
43(α)
∼= CD443(−α) CD444(α, β, γ) ∼= CD444(α,−β,−γ) CD447(α, β) ∼= CD447(α,−β)
CD
4
50(α) = CD
4
50(−α) CD454(α) ∼= CD454(−α − 1) CD457(α, β) ∼= CD457(α+ β,−β)
CD
4
59(α, β)
∼= CD459(α,−β)
CD
4
91(λ, α)
∼= CD491(λ,−α) CD492(λ, α) ∼= CD492(λ,−α) CD493(α) ∼= CD493(−α)
CD
4
94(α, β)
∼= CD494(−α, β) CD495(α) ∼= CD495(−α) CD4100(α) ∼= CD4100(−α)
CD
4
101(α, β)
∼= CD4101(−α,−β) CD4109(λ, α) ∼= CD4109(λ,−α) CD4112(λ, α, β, γ) ∼= CD4112(λ,−α, β,−γ)
38
CD
4
112(λ, α, β, γ)
∼= CD4112
(
λ, (γ − αβ)
√
−λ
1−β+λβ2 ,
1
λ
− β, (γ
λ
− α
λ
− βγ)
√
−λ
1−β+λβ2
)
, if λ 6= 0, β 6= 1±
√
1−4λ
2λ
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